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I. 


STATEMENT  OF  THE  PROBLEM  STUDIED 


Factors  that  play  a  significant  role  during  the  penetration  of  metal  targets  by 
projectiles  include  material  properties,  impact  velocity,  projectile  shape,  target  support 
position,  and  relative  dimensions  of  the  target  and  the  projectile.  Recently,  emphasis  has 
been  placed  on  kinetic  energy  penetrators,  which  for  terminal  ballistic  purposes  may  be 
considered  as  long  metal  rods  traveling  at  high  speeds.  For  impact  velocities  in  the  range 
of  2  to  10  km/sec,  compressible  hydrodynamic  flow  equations  can  be  used  to  describe 
adequately  the  impact  and  penetration  phenomena,  because  large  stresses  occurring  in 
hypervelocity  impact  permit  one  to  neglect  the  rigidity  and  compressibility  of  the  striking 
bodies.  Models,  which  require  the  use  of  the  Bernoulli  equation  or  its  modification  to 
describe  this  hypervelocity  impact,  have  been  proposed  by  Birkhoff  et  oL^  and  Pack  and 
Evans.^  At  ordnance  velocities  (0.5  to  2  km/sec),  material  strength  becomes  an  important 
parameter.  Allen  and  Rogers^  modified  the  Pack  and  Evans^  flow  model  by  representing 
the  strength  as  a  resistive  pressure.  This  idea  was  taken  further  by  Alekseevsldi^  and  Tate,^-® 
who  considered  separate  resistive  pressures  for  the  penetrator  and  the  target.  These 
resistive  pressures  are  empirically  determined  quantities,  and  the  predicted  results  depend 
strongly  upon  the  assumed  values  of  these  pressures.  As  described  lucidly  by  Wrighf  in  his 
survey  article  on  long  rod  penetrators,  Tate’s  model  is  difficult  to  use  for  quantitative 
purposes,  because  the  strength  parameters  depend  upon  the  velocity  of  impact  and  the 
particular  combination  of  materials  involved.  Wright  and  Frank*  recently  re-examined 
Tate’s  theory  and  derived  expressions  for  the  resistive  pressures  in  terms  of  mass  densities, 
yield  strengths  of  the  penetrator  and  target  materials,  and  penetrator  speed.  They 
postulated  the  expression 

I 

F,  -  A.(ar,  +  bp,p*  +  cp,A,’''p)  (1) 

for  the  force  F*  delivered  to  the  target  during  the  nearly  steady  portion  of  the  penetration 
process.  In  equation  (1)  A*  is  the  cross-sectional  area  of  the  cavity,  ^  is  the  yield  stress  for 
the  target  material  in  a  quasistatic  simple  tension  or  compression  test,  equals  the  mass 
density  of  the  target  material,  p  and  p  equal,  respectively,  the  axial  velocity  and  axial 
acceleration  of  the  targe t/penetrator  interface,  and  a,  b,  and  c  are  nondimensional  numbers 
that  depend  on  material  parameters.  Dehn’  assumed 

Fj  «  a  +  bp  +  cp^  (2) 

and  gave  values  of  a,  b,  and  c  in  terms  of  material  parameters  for  the  target.  Strictly 
speaking,  the  modified  Bernoulli’s  equation  is  valid  only  when  the  flow  fields  are  steady. 
Batra  and  Wright’®  studied  numerically  the  steady  state  penetration  of  a  rigid/perfectly 
plastic  target  by  a  hemispherical  nosed  rigid  cylindrical  rod  and  found  a  =  3.9,  and  b  = 
0.0773.  Batra"’’^  subsequently  accounted  for  strain  hardening,  strain-rate  hardening,  and 
thermal  softening,  as  well  as  different  nose  shapes,  and  found  that  the  coefficients  varied 
by  a  factor  of  at  least  three,  depended  strongly  on  the  nose  shape,  and  decreased  for  a  more 


1 


pointed  shape. 


The  one-dimensional  theories  ignore  the  lateral  motion,  plastic  flow,  and  the  detailed 
dynamic  effects.  The  paper  by  Backman  and  Goldsmith^^  is  an  authoritative  and  superb 
review  of  the  open  literature  on  ballistic  penetration,  containing  278  reference  citations  from 
the  1800*s  to  1977.  They  describe  different  physical  mechanisms  involved  in  the  penetration 
and  perforation  processes,  and  also  discuss  a  number  of  engineering  models.  Jonas  and 
Zukas'*  reviewed  various  analytical  methods  for  the  study  of  kinetic  energy  projectile-armor 
interaction  at  ordnance  velocities  and  placed  particular  emphasis  on  three-dimensional 
numerical  simulation  of  perforation.  Anderson  and  Bodner*^  have  recently  reviewed 
engineering  models  for  penetration  and  some  of  the  major  advances  in  hydrocode  modeling 
of  penetration  problems.  Three  books,’***’***  published  during  the  past  few  yer-s,  include 
extensive  discussions  of  the  engineering  models,  experimental  techniques,  ano  analytical 
modeling  of  ballistic  perforation. 

Manganello  and  Abbott,*’  Wingrove  and  Wuif,’°  and  Recht’*  observed  that  the 
penetration  resistance  of  some  armor  materials  is  reduced,  even  though  these  materials 
exhibit  increased  static  mechanical  strength.  During  penetration  of  such  targets  the 
formation  of  adiabatic  shear  bands  leads  to  a  sharp  drop  in  shear  yield  stress  after  the 
formation  of  a  plug,  and  the  penetration  resistance  of  the  target  is  severely  reduced.  It  has 
been  suggested“*“  that  the  material  in  the  shear  band  melts.  Woodward’*  has  proposed  a 
model  for  adiabatic  shear  plugging  failure  of  targets.  He  considered  the  penetration  of 
ductile  metal  targets  impinged  upon  by  a  sharp  conical  projectile  and  assumed  that  the 
penetration  is  achieved  by  radid  expansion  of  a  hole  in  the  plate  from  zero  to  the 
penetrator  radius.  Wingrove's’^  experiments  show  that  sharp  comers  of  flat-ended 
projectiles  cause  deformation  in  a  narrow  zone  of  the  target,  and  hemispherical  and  ogive 
nose  shapes  progressively  broaden  the  deformation  pattern.  Because  of  the  formation  of 
the  thermally-softened  shear  zone  and  the  difference  in  fracture  behavior  for  breakout,  flat- 
ended  projectiles  penetrate  materials  susceptible  to  adiabatic  shear  with  greater  ease  than 
do  radiused  projectiles. 

Awerbuch,’*  Awerbuch  and  Bodner,”  Ravid  and  Bodner,’*  and  Ravid,  Bodner,  and 
Holcman”  have  developed  models  with  which  to  analyze  the  normal  perforation  of  metallic 
plates  by  projectiles.  The  penetration  process  is  presumed  to  occur  in  several 
interconnected  stages,  with  plug  formation  and  ejection  being  the  principal  mechanism  of 
plate  perforation.  They  presumed  a  kinematically  admissible  flow  field  and  found  the 
unknown  parameters  by  mim’mizing  the  plastic  dissipation.  They  characterized  the 
procedure  as  being  "a  modification  of  the  upper  bound  theorem  of  plasticity  to  include 
dynamic  effects”.  Even  if  such  a  theorem  were  valid,  it  is  hard  to  tell  how  close  such  a 
bound  might  be  to  the  solution  of  the  problem.  These  authors  have  included  the 
dependence  of  the  yield  stress  upon  the  strain  rate  and  studied  a  purely  mechanical 
problem. 

Recht^®  has  adapted  the  Taylor**  model  of  mushrooming  to  the  situation  in  which  the 
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penetrator  is  allowed  to  move  into  the  target,  and  both  erosion  and  shear  mass  loss  are 
allowed  in  the  penetrator.  The  principal  difficulty  is  the  specification  of  velocities  for  the 
plastic  waves  in  the  projectile  and  the  target  in  order  to  obtain  a  unique  solution  for  the  rate 
of  interface  movement.  Brooks^^  and  Brooks  and  Erickson^'  have  demonstrated  transitions 
in  behavior  such  that,  at  increased  velocities,  it  is  possible  to  observe  a  reduced  depth  of 
penetration  over  a  range  of  velocities.  The  transition  is  related  to  rhe  degree  of  radial 
constraint  offered  by  the  surrounding  target  material  and  its  ability  to  restrict  projectile 
deformation.  The  transition  velocity  depends  strongly  upon  the  projectile  tip  geometry. 
Above  the  transition  velocity,  the  deformation  is  described  as  "jetting”  to  illustrate  a 
similarity  in  behavior  to  shaped  charge  jets.  Forrestal  et  al^  have  used  the  cavity  expansion 
model  to  predict  the  penetration  depths  for  relatively  rigid  projectiles  striking  deformable 
semi-infinite  targets. 

An  important  and  still  totally  unresolved  problem  is  that  of  selecting  the  most 
appropriate  constitutive  relation  for  the  penetrator  and  target  materials.  The  constitutive 
relation  employed  should  adequately  model  the  material  response  over  the  range  of 
deformations  expected  to  occur  in  the  problem.  However,  the  computed  values  of  the 
deformation  fields  generally  depend  strongly  upon  the  constitutive  assumptions  made.  A 
way  out  of  this  dilemma  is  to  choose  a  constitutive  relation,  solve  the  problem,  check  to  see 
if  the  constitutive  assumptions  are  valid  over  the  range  of  computed  deformations,  and,  if 
necessary,  solve  the  problem  again  with  the  modified  constitutive  relation.  In  the  last  few 
years,  many  new  theories^*’^*-^’  of  large  deformation  elasto-plasticity  have  been  proposed. 
We  use  three  such  theories  to  analyze  the  steady  state  penetration  problem. 

The  work  conducted  under  this  contract  involved  the  analysis  of  the  steady  state 
axisymmetric  penetration  problems  with  the  objectives  of  delineating  important  material  and 
kinematic  variables  that  should  be  included  in  simpler  penetration  models,  and,  if  possible, 
propose  such  a  model. 


n.  SUMMARY  OF  RESULTS 

When  both  the  penetrator  and  target  materials  are  assumed  to  be  thermally 
softening,  but  strain  and  strain-rate  hardening,  the  bottom  part  of  the  target/penetrator 
interface  was  found  to  be  ellipsoidal  rather  than  hemispherical.^*  The  peak  pressures  near 
the  stagnation  point  in  the  penetrator  and  target  regions  approached  4.58  and  14  (7^0 
respectively,  for  =  3.06.  Here  and  equal,  respectively,  the  yield  stress  in  a 

quasistatic  simple  compression  test  for  the  penetrator  and  target  materials.  The  axial  force 
on  the  penetrator  equalled  8.91F,  11.52F,  and  14.5F  (F  =  for  stagnation  point 

speeds  of  450  m/s,  500  m/s,  and  550  m/s,  respectively.  A  significant  contribution  to  the 
resisting  force  is  made  by  the  consideration  of  strain-rate  hardening  effects.  When  the 
penetrator  and  target  materials  are  modeled  as  rigid/perfectly  plastic,^’  the  resistive  pressure 
terms  in  the  modified  Bernoulli’s  equation  were  found  to  depend  upon  the  ratio  of  the  mass 
densities  of  the  target  and  the  penetrator,  as  well  as  on  the  penetration  speed. 
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The  consideration  of  elastic  deformations  of  the  target  reduced  the  peak  value  of  the 
hydrostatic  pressure  acting  at  the  stagnation  point,  the  axial  resisting  force  experienced  by 
the  rigid  penetrator,  and  the  target  resistance  parameter  appearing  in  the  modified  Bernoulli 
equation  by  nearly  28%,  25%,  and  25%,  resper  ’vely,  as  compared  to  those  for  a 
rigid/perfectly  plastic  target.^ 

When  the  flow  rules  due  to  Litonski-Batra,  Bodner-Partom,  and  Brown,  Kim,  and 
Anand  were  calibrated  against  a  hypothetical  compression  test  performed  at  a  nominal 
strain-rate  of  3300  sec‘*  and  then  used  to  study  the  steady  state  axisyinmetric  deformations 
of  a  target,  the  three  constitutive  relations  gave  nearly  the  same  value  of  the  resisting  force 
acting  on  the  penetrator,  temperature  rise  of  material  particles  in  the  vicinity  of  the 
target/penetrator  interface,  and  other  macroscopic  measures  of  deformation,  such  as  the 
effective  stress  and  the  effective  strain-rate/*  However,  when  the  Litonski-Batra  and  the 
Bodner-Partom  flow  rules  are  calibrated  against  a  simple  shear  test,  the  Bodner-Partom 
model  gave  a  very  high  value  of  the  hydrostatic  pressure  at  the  target/penetrator  interface 
as  compared  to  that  given  by  the  Litonski-Batra  flow  nile/^ 

The  transverse  isotropy  of  the  target  material  affected  significantly  its  deformations 
and  the  resisting  force  it  exerts  on  the  penetrator/^ 


ni.  BRIEF  REVIEW  OF  THE  COMPLETED  WORK 

We^*  have  studied  axisymmetric  deformations  of  a  thermoviscoplastic  rod  penetrating 
a  thick  thermoviscoplastic  target  when  their  deformations  appear  steady  to  an  observer 
situated  at  the  stagnation  point  and  moving  with  it.  Both  the  rod  and  the  target  material 
are  assumed  to  exhibit  strain-rate  hardening  and  thermal  softening  and  the  contact  between 
them  at  the  common  interface  is  smooth.  We  have  plotted  in  Fig.  1  the  shapes  of  the  free 
surface  of  the  deformed  penetrator,  and  the  target/penetrator  interface  for  three  values  of 
the  speed  of  the  stagnation  point.  In  order  to  elucidate  the  dependence  of  the  location  of 
the  stagnation  point  upon  the  speeds  of  penetration,  the  ordinate  is  measured  from  the 
bottom  surface  of  the  target  region  studied.  The  stagnation  point  moves  away  from  the  free 
surface  of  the  deformed  penetrator  as  the  speed  of  penetration  is  increased.  Also,  with  the 
increase  in  the  speed  of  penetration,  the  distance  between  the  free  surface  of  the 
undeformed  penetrator  and  the  deformed  penetrator  particles  moving  rearward  increases. 
The  shape  of  the  target/penetrator  interface  also  depends  strongly  upon  the  penetration 
speed.  The  peak  values  of  the  temperature  rise  &,  second  invariant  I  of  the  strain-rate 
tensor  D  and  the  hydrostatic  pressure  p,  and  where  they  occur  are  influenced  by  the  values 

of  the  strain-rate  hardening  exponents  nip  and  m,  for  the  penetrator  and  target,  respectively. 
This  is  evidenced  by  the  information  provided  in  Table  1. 

One  of  the  challenging  problems  in  penetration  mechanics  is  to  find  constitutive 
relations  that  are  valid  over  a  wide  range  of  strains,  strain  rates,  and  temperatures  likely  to 


4 


Table  1.  Effect  of  nip  and  on  and  in  the  penetrator  target  regions’ 


Values 

(°C) 

u 

Pnux 

(v.’) 

of  m 

Penetrator 

Target 

Penetrator 

Target 

Penetrator 

Target 

nip  =*  0.025 
nit  =  0.025 

232.2 

(0.17,0.06) 

189.5 

(0.479,0.05) 

5.25 

(1.135,1.01) 

4.185 

(1.096,0.175) 

0.8975 
(0.0, 0.0) 

1.017 

(0.148,-0.012) 

nip  a  0.005 
m,  a  0.025 

199.8 

(0.165,0.04) 

167.1 

(0.464,0.04) 

4.26 

(1.193,0.96) 

4.108 

(1.074,0.164) 

0.9409 
(0.0, 0.0) 

1.005 

(0.149,-0.004) 

nip  *  0.0 

m*  *  0.025 

193.07 

(0.165,0.03) 

164.15 

(0.525,0.04) 

4.11 

(0.052,0.02) 

4.174 

(1.26,0.26) 

0.9562 
(0.0, 0.0) 

0.9951 

(0.113,0.002) 

nip  =«  0.025 
=*  0.005 

229.9 

(0.15,-0.02) 

183.2 

(0.48,0.02) 

5.27 

(1.134,1.02) 

4.595 

(1.86,0.77) 

0.8957 
(0.0, 0.0) 

0.978 

(0.15,-0.014) 

mp  =»  0.025 

nit  =»  0.0 

230.7 

(0.165,0.034) 

186.03 

(0.526,0.04) 

4.2815 

(0.052,0.02) 

4.128 

(1.26,0.27) 

0.9509 
(0.0, 0.0) 

0.9454 

(0.1129,0.001) 

The  coordinates  of  points  where  6, 1,  and  p  assume  maximum  values  are  parenthetically  noted. 
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ArclangtH 


Fio.  1  Dutributioa  o(  the  ?»««»"  normil  tractions  on  the  urget/penetrator  interface  for  three 
diflerent  speeds  of  penetration. 


Fio.  1  (a).  Shape*  of  the  free  surface  for  three  Fio.  I  (hi.  Shapes  of  the  targei/penetrator  interface 

ddTefeot  speeds  of  penetratioc.  for  three  diflerent  speeds  of  penetration. 


occur  in  the  deforming  penetrator  and  target  regions.  Compounding  the  difficulty  is  the 
observation  that  different  deformation  mechanisms  are  active  at  various  temperatures  and 
strain  rates,  and  the  mechanisms  themselves  are  temperature  and  time  dependent.  Another 
complicating  factor  is  the  microstructural  changes  such  as  the  gemjration/annihilation  of 
dislocations,  development  of  texture,  dynamic  recovery  and  recrystallization,  nucleation  and 
growth  of  microcracks  and  voids,  and  the  development  of  shear  bands,  that  occur  during  the 
plastic  deformation  of  a  material.  One  way  to  account  for  these  microstructural  changes  at 
a  macroscopic  level  is  to  use  the  theory  of  internal  variables  proposed  by  Coleman  and 
Gurtin.'*^  We^'  used  three  such  constitutive  relations,  namely,  the  Litonski-Batra  (LB)  flow 
rule,  the  Bodner-Partom  (BP)  flow  rule,  and  the  Brown-Kim-Anand  (BKA)  flow  rule.  The 
material  parameters  in  these  constitutive  relations  were  evaluated  by  solving  numerically  an 
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initial-boundary-value  problem  corresponding  to  plane  strain  compression  of  a  block  made 
of  the  target  material  and  deformed  at  an  average  strain-rate  of  3300  s*’  and  ensuring  that 
the  effective  stress  vs.  the  logarithmic  strain  curves  for  the  three  constitutive  relations  are 
nearly  identical.  With  these  values  of  material  parameters,  the  analysis  of  steady  state 
axisymmetric  deformations  of  the  target  by  a  hemispherical  nosed  rigid  penetrator  gave  the 
following  results. 

Figure  2  depicts  the  distribution  of  the  normal  stress,  temperature  rise  0,  and  the 


Fig.  2  Comparison  of  (he  variation  of  normal  stress,  strain  rate  mer.sure.  tanfeniial  speed,  and 
the  temperature  nse  at  target  particles  abutting  the  penetrator  nose  surface  for  the  three  constitutive 

relations. 


tangential  speed  on  the  penetrator  nose  surface  and  the  second  invariant  I  of  the  deviatoric 
strain-rate  tensor  at  the  centroids  of  elements  abutting  the  nose  surface  for  a  =  10,  which 
corresponds  to  the  penetrator  speed  of  718  m/s.  Here  a  =  p  being  the  mass  density 

of  the  target,  Oq  its  yield  stress  in  a  quasistatic  simple  compression  test,  and  Vq  the  speed  of 
the  penetrator.  The  quantities  plotted  are  nondimensional,  obtained  by  scaling  stresses  by 
<7o,  speed  by  Vo,  time  by  tJvq  where  Tq  is  the  radius  of  the  penetrator,  and  the  temperature 
rise  by  108.9*  C.  It  is  clear  that  the  three  models  give  essentially  identical  results;  the 
maximum  difference  between  the  temperature  rise  computed  at  any  point  on  the  surface 
with  the  three  flow  rules  is  nearly  30*  C  for  an  average  temperature  rise  of  400*  C.  The 
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nondimensional  axial  resisting  force  experienced  by  the  penctrator  was  found  to  be  8.19, 
8.84,  and  8.26  for  the  LB,  BP,  and  BKA  flow  rules,  respectively.  The  values  of  (1,0)  at  the 
stagnation  point  for  the  LB,  BP,  and  BKA  flow  rules  equalled  (132, 3.53),  (1.52,  3.80),  and 
(1.53,  3.67),  respectively. 

An  integration  of  the  balance  of  linear  momentum  along  the  central  streamline  (r 
=»  0)  gives 

—  av^  P  ~  -  2 

2  ^  “ 

Figure  3  shows  the  contribution  from  the  various  terms  for  a  *  10.  The  three  models  give 


Distance  from  stagnation  point 

FiO.  3  Coiiiribuiion  of  various  terms  in  the  nondiroensiooatizied  Bernoulli  equation  along  the 

central  stream  line 

nearly  the  same  value  of  the  kinetic  energy  Vzer^,  and  the  deviatoric  stress  s^.  The  value 
of  the  hydrostatic  pressure  p  for  the  BP  model  is  uniformly  more  than  that  for  the  other  two 
models,  and  each  model  predicts  a  substantial  contribution  from  transverse  gradients  of  the 
shear  stress.  The  value  of  the  strength  parameter  for  the  target  in  Tate's  equation  was 
found  to  be  7.71,  8.46,  and  7.89  for  the  LB,  BP,  and  BKA  models,  respectively. 

We^  studied  the  effect  of  the  elasticity  of  the  target  material  and  the  penetrator  nose 
shape  by  modeling  the  target  material  as  elastic/perfectly  plastic.  The  dependence  of  the 
nondimensional  peak  pressure  p„»,  that  occurs  at  the  stagnation  point,  and  of  the 
nondimensional  axial  resisting  force  F  experienced  by  the  penetrator  upon  a  is  exhibited  in 
Fig.  4.  Here  r^  and  ro  equal,  respectively,  the  semimajor  and  semiminor  axes  of  the 
ellipsoidal  nose  of  the  rigid  cylindrical  penetrator.  For  each  noSe  shape,  the  consideration 
of  elastic  effects  lowers  the  value  of  by  about  2,  and  of  F  by  1.8.  Whereas  p^  depends 
upon  a  rather  strongly,  the  dependence  of  F  upon  a  is  quite  weak,  .^suming  that  material 
points  for  which 


-  IU|id/rtrf«etly  Plaaclc 
Cl«atle/P*r<*ctly  Plaatlc 


Rg.  4  Dependence  of  the  peak  pressure  at  the  stagnation  point  and  the  axial  resisting  force  experienced  by 
the  penetrator  upon  i 


tr(s*)  -  - 


(2) 


are  defonning  plastically  and  those  for  which  the  stress  state  lies  inside  the  surface  are 
deforming  elastically,  one  can  determine  the  elastic/plastic  boundary.  Results  plotted  in  Fig. 
5  suggest  that  less  of  the  material  ahead  of  the  penetrator  nose  tip  and  to  the  sides  of  the 


Rg-  3  .  Elastic-plastic  boundary  for 
three  different  nose  shapes,  and  a  =  10 
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rigid  rod  is  deformed  plastically  for  the  ellipsoidal  nosed  penetrator  as  compared  to  the 
other  two  nose  shapes  considered.  The  distance  of  the  elastic-plastic  boundary  from  the 
penetrator  nose  tip  is  found  to  be  5.4,  6.8,  and  7.7,  respectively,  according  as  the  penetrator 
nose  shape  is  ellipsoidal,  hemispherical,  or  blunt.  Tate^^  presumed  that  a  material  particle 
was  deforming  either  elastically  or  plastically,  and  based  on  his  solenoid  flow  model,  he 
found  the  axial  distance  of  the  elastic-plastic  boundary  from  the  stagnation  point  to  be  6.71, 
which  compares  well  with  our  computed  values. 

We^  have  used  the  velocity  field  computed  in  the  preceding  problem  to  develop  an 
engineering  model  of  target  penetration.  The  deforming  target  region  is  divided  into  two 
parts,  one  ahead  of  the  penetrator  nose  center  and  the  other  behind  it.  In  each,  the 
presumed  velocity  field  satisfies  the  condition  of  isochoric  deformadons,  essential  boundary 
conditions,  and  the  velocity  compatibility  condition  across  the  interface  between  the  two 
regions.  The  unknown  parameters  in  the  velocity  field  are  determined  by  minimizing  the 
error  in  the  satisfaction  of  the  balance  of  linear  momentum.  As  shown  in  Fig.  6,  the 


Fig.  9  Distribution  of  the  normal  traction  on  the  penetrator  nose. - One  term  solution; . 

three  tenm  sotuiioa; - FEM  solution. 

computed  normal  traction  on  the  penetrator  nose  surface  matches  well  with  that  obtained 
from  the  finite  element  solution  near  the  penetrator  nose  center,  but  the  two  differ  at  points 
near  the  nose  periphery,  probably  because  of  the  differences  in  the  values  of  the  hydrostatic 
pressure.  However,  the  dependence  of  the  axial  resisting  force  F  upon  a  in  the  two  cases, 
viz.. 


F  =  8.575  +  0.197a,  FEM  solution,  (3.1) 

F  =  8.717  +  0.243a,  engineering  model,  (3.2) 

is  virtually  identical  for  0  ^  a  ^  10. 
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By  using  an  analogy  between  the  flow  of  a  fluid  around  a  cylinder  and  that  of  the 
target  material  around  the  penetrator  nose,  we  evaluated  (i  and  in  the  following  expression 
(4)  for  the  frictional  force  f,  between  the  target  and  the  penetrator/’ 

{^  •  -nv^fj^y/v,  v^,  ■  5  *  (4) 


where  n  is  a  unit  outward  normal  and  a  is  the  Cauchy  stress  tensor.  Figure  7  depicts  the 


Fig.  7.  Distribution  of  the  normal  traction  on  the  hemispherical  nose  of  the  penetrator 
for  different  values  of  the  coefficient  ix  of  friction. 

distribution  of  the  normal  traction  f^  on  the  hemispherical  nose  surface  of  the  penetrator 
for  a  =  6.5,  /?  =  1.5,  and  =*  0.0,  0.1,  0.2,  0.3,  and  0.4.  We  note  that  the  hydrostatic 
pressure,  which  seems  to  be  less  sensitive  to  the  value  of  makes  a  significant  contribution 
to  £,.  Thus,  the  value  and  the  distribution  of  the  normal  tractions  on  the  penetrator  nose 
surface  change  very  little  when  /x  is  increased  from  0.0  to  0.4.  Whatever  little  change  does 
occur,  the  general  trend  is  that  f^  increases  near  the  nose  tip  and  decreases  near  the  nose 
periphery  with  an  increase  in  the  value  of  /x. 
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thick  thermoviscoplastic  target 

2.  A  steady  state  axisymmetric  penetration  problem  for  rigid/perfectly  plastic  materials 

3.  Steady  state  penetration  of  transversely  isotropic  rigid/perfectly  plastic  targets 

4.  Steady  state  penetration  of  elastic  perfectly  plastic  targets 

5.  Steady  state  axisymmetric  deformations  of  a  thick  elastic-thermoviscoplastic  target 

6.  Effect  of  viscoplastic  flow  rules  on  steady  state  penetration  of  thermoviscoplastic 
targets 

7.  Effect  of  constitutive  models  on  steady  state  axisymmetric  deformations  of 
theimoelastic-viscoplastic  targets 

8.  Histories  of  stress,  strain-rate,  temperature,  and  spin  in  a  steady  state  deformation 
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9.  An  approximate  analysis  of  steady  state  axisymmetric  deformations  of  viscoplastic 
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STEADY  STATE  AXISYMMETRIC  DEFORMATIONS 
OF  A  THERMOVISCOPLASTIC  ROD  PENETRATING 
A  THICK  THERMOVISCOPLASTIC  TARGET 


R.  C  Batra  and  T.  Gobinath 

Department  of  Mechanical  and  Aerospace  Engineering  and  Engineering  Mechanics. 
University  of  Missoun-Rolla.  Rolla,  MO  65401-0249.  U.S.A. 


(Received  21  Febnuxry  1990;  and  in  revised  form  18  July  1990) 


S«uninary — The  coupled  nonlinear  partial  differential  equations  governing  the  thcrmomechanical 
and  axisymmetric  deformations  of  a  cylindtical  rod  penetrating  into  a  thick  target,  also  made  of  a 
rigid  viscoplastic  material,  are  solved  by  the  finite  element  method.  It  is  assumed  that  (he 
deformations  of  the  target  and  the  penetrator  as  seen  by  an  observer  situated  at  the  stagnation 
point  and  moving  with  it  are  independent  of  time.  Both  the  rod  and  the  target  material  are  assumed 
to  exhibit  strain-rate  hardening  and  thermal  softening,  and  the  contact  between  the  penetrator 
and  the  target  at  the  common  interface  is  .smooth.  An  effort  has  been  made  to  assess  the  elTcct  of 
the  strain-rate  hardening  and  thermal  softening  on  the  deformations  of  the  target  and  the  penetrator. 
It  is  found  that  the  axial  resisting  force  experienced  by  the  penetrator.  the  shape  and  location  of 
the  free  surface  of  the  deformed  penetrator  and  the  target  penetrator  interface,  and  normal 
tractions  on  this  common  interface  depend  rather  strongly  upon  the  speed  of  the  stagnation  point 
and  hence  on  the  speed  of  the  striking  rod.  Results  presented  graphically  include  the  distribution 
of  the  velocity  field,  the  temperature  change,  the  hydrostatic  pressure  and  the  second-invariant  of 
(he  strain-rate  tensor. 

In  an  attempt  to  help  establish  desirable  testing  regimes  for  determining  constitutive  relations 
appropriate  for  penetration  problems,  we  also  find  histones  of  the  effective  stress,  hydrostatic 
pressure,  temperature  and  the  second  invariant  of  the  strain-rate  tensor  experienced  by  four 
penetrator  and  two  target  particles. 


.NOTATION 


»  velocity  of  a  rod  particle 

p  mass  density 

f  heat  flux 

0‘  speafic  internal  energy 

O  strain-rate  tensor 

•  Cauchy  stress  tensor 

T  deviatoric  stress  tensor 

p  hydrostatic  pressure 

9  temperature  change 

k  thermal  conductivity 

c  specific  heat 

(ffj  yield  stress  in  simple  compression 

b.m  strain-rate  sensitivity  parameters 

V  thermal  softening  coefficient 

I  a  unit  tangent  vector 

ft  a  unit  normal  vector 

h  heat  transfer  coefficient 

grad  gradient  operator 

div  divergence  operator 

/*  second  invariant  of  D 

2.  ^  non-dimensional  numbers 


1.  INTRODUCTION 

When  a  fast  moving  long  rod  strikes  a  very  thick  target,  the  deformations  of  the  rod  and 
the  target  appear  to  be  time  independent  to  an  observer  situated  at  the  stagnation  point 
and  moving  with  it  after  the  rod  has  penetrated  into  the  target  through  a  distance  equal 
to  a  few  rod  diameters.  This  steady  slate  lasts  until  the  stagnation  point  reaches  close  to 
the  other  end  of  the  target.  Thus,  for  thick  targets,  the  duration  of  the  steady  state  portion 
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of  the  penetration  process  is  a  significant  part  of  the  total  time  taken  to  perforate  through 
the  target.  For  very  high  striking  speeds,  the  deformations  of  the  target  and  the  penetrator 
can  be  assumed  to  be  governed  by  purely  hydrodynamic  incompressible  flow  processes. 
In  this  approach,  the  only  significant  material  property  is  the  ratio  of  mass  densities  of 
the  target  and  the  penetrator.  and  the  same  penetration  depth  is  predicted  for  all  impact 
velocities.  Tate  [1.2]  and  Alekseevskii  [3]  modified  this  model  by  incorporating  the  effects 
of  the  material  strengths  of  the  projectile  and  the  target  and  representing  them  as  some 
multiple  of  the  uniaxial  yield  stress  of  the  material,  but  the  multiplying  factor  was  not 
specified.  These  and  other  limitations  of  the  one-dimensional  models  have  been  discussed 
by  Wright  [4].  and  more  recently  by  Wright  and  Frank  [5].  Pidsley  [6],  who  studied  the 
penetration  of  a  copper  rod  into  an  aluminum  target,  found  that  during  the  steady  state 
portion  of  the  penetration  process  these  strength  parameters  equallea  2.4|(T„),  and 
-(0.7)(<7„)p  for  the  target  and  the  penetrator.  respectively.  Here  is  the  Hugoniot 
clastic  limit.  He  explained  that  the  negative  value  for  the  rod  strength  is  due  to  the  yield 
strength  of  the  rod  being  lower  than  that  of  the  target. 

The  reader  is  referred  to  the  paper  by  Backman  and  Goldsmith  [7]  for  a  review  of 
the  open  literature  on  ballistic  penetration  until  1Q77.  It  describes  various  physical 
mechanisms  involved  in  the  penetration  and  perforation  processes,  and  also  discusses  a 
number  of  engineering  models.  Other  recent  review  articles  and  books  include  those  by 
Wright  and  Frank  [5],  Anderson  and  Bodner  [8],  Zukas  et  al.  [9],  Blazynski  [10],  and 
Macauley  [11].  Ravid  and  Bodner  [12]  have  proposed  a  five-stage  penetration  model 
applicable  to  two-dimensional  analysis  of  rigid  projectiles  penetrating  deformable  targets. 
Various  unknowns  in  the  assumed  kinematically  admissible  velocity  field  are  found 
by  using  an  upper  bound  theorem  of  plasticity  modified  to  include  dynamic  elTects.  The 
penetration  model  proposed  by  Ravid  et  ai.  [13]  also  accounts  for  the  shock  effects  and 
plastic  deformation  in  the  component  bodies.  Forrestal  et  ai  [14]  have  recently  applied 
the  cavity  expansion  model  to  study  the  penetration  of  rigid  projectiles  into  geological 
materials. 

With  the  main  objective  of  providing  some  guidelines  for  selecting  and  improving  upon 
the  previously  used  kinematically  admissible  fields  in  engineering  models  of  penetration. 
Batra  and  Wright  [15]  initiated  the  study  of  an  idealized  steady  state  penetration  problem. 
It  simulates  the  penetration  of  a  very  long  (semi-infinite)  rod  into  an  infinite  target  when 
all  of  the  flow  fields  appear  steady  to  an  observer  situated  on  the  penetrator  nose  tip  and 
moving  with  it  and  the  target/penetrator  interface  is  smooth.  They  studied  the  problem  of 
a  deformable  target,  assumed  to  be  made  of  a  rigid/perfectly  plastic  material  and  a  rigid 
cylindrical  penetrator  with  a  hemispherical  nose.  Subsequently.  Batra  [16.17]  found  that 
the  nose  shape  affected  significantly  the  resisting  force  experienced  by  the  penetrator  and 
also  studied  the  case  when  the  target  material  exhibited  work-hardening,  strain-rate 
hardening  and  thermal  softening  effects.  Batra  and  Lin  [18-20].  and  Lin  and  Batra  [21] 
studied  the  steady  state  axisymmetric  deformations  of  a  semi-infinite  cylindrical  penetrator 
striking  a  known  semi-infinite  cavity  in  an  infinite  and  rigid  target,  and  also  computed  the 
histories  of  the  effective  stress,  temperature,  second  invariant  of  the  strain-rate  tensor  and 
the  plastic  spin.  Gobinath  and  Batra  [22]  have  recently  analysed  the  steady  state 
axisymmetric  penetration  problem  in  which  both  the  target  and  the  penetrator  are  made 
of  a  rigid,  perfectly  plastic  material.  Since  most  penetrator  and  target  materials  exhibit 
strain-rate  hardening  and  thermal  softening  effects,  we  extend  the  previous  work  [22]  to 
incorporate  these  effects.  The  problem  is  very  challenging  because  of  the  presence  in  it  of 
two  a  priori  unknown  surfaces,  namely,  the  target  penetrator  interface  and  the  free  surface 
of  the  penetrator  material  flowing  backwards.  The  shapes  and  locations  of  these  surfaces 
are  strongly  influenced  by  the  value  of  the  strain-rate  hardening  exponent  for  the  penetrator 
and  a  little  by  the  value  of  the  strain-rate  hardening  exponent  for  the  target.  The  speed 
of  penetration  also  affects  noticeably  the  shapes  of  the  target  penetrator  interface. 

We  note  that  there  is  no  fracture  or  failure  criterion  incorporated  in  our  work.  Thus 
both  the  penetrator  and  target  materials  are  presumed  to  undergo  unlimited  plastic 
deformations.  It  is  hoped  that  the  details  of  the  kinematic  and  stress  fields  provided  herein 
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>^ill  help  propose  better  estimates  of  the  kinematic  fields  in  engineering  models  of  steady 
state  penetration  process.  Also  the  histories  of  the  stress,  temperature,  the  second  invariant 
of  the  strain-rate  tensor  and  the  plastic  spin  for  four  penetrator  and  two  target  particles 
given  herein  should  help  establish  desirable  testing  regimes  for  practical  problems,  and 
help  assess  the  efficacy  of  different  plasticity  theories  for  the  penetration  problem. 

2.  FORMULATION  OF.  THE  PROBLEM 

We  use  a  cylindrical  coordinate  system,  with  origin  at  the  stagnation  point  and  moving 
with  it  at  a  uniform  speed  r,  and  positive  r-a.xis  pointing  towards  the  undeformed  portion 
of  the  rod,  to  describe  the  deformations  of  the  target  and  the  penetrator.  The  equations 
governing  their  deformations  are 

div  K  =  0.  (1) 

div<T  =  pr,  (2.1) 

=  p(r-grad)K.  (2.2) 

— div^  +  tr(<TD)s=p(vgrad)r.  (3) 

2Z)  =  grad  r-H(grad  v)^.  (4) 

These  equations  arc  written  in  the  Eulerian  description  of  motion.  Equation  ll )  expresses 
the  balance  of  mass,  Eqn  (2)  the  balance  of  linear  momentum,  and  Eqn  |3)  the  balance 
of  internal  energy.  Here  f  is  the  velocity  of  a  material  particle,  a  the  Cauchy  stress  at  the 
present  location  of  a  material  particle,  p  the  mass  density,  q  the  heat  flux,  and  C'  the 
specific  internal  energy.  A  dot  superimposed  over  a  character  implies  its  material  time 
derivative,  and  the  operators  grad  and  div  signify  the  gradient  and  the  divergence  operators 
defined  in  the  present  configuration.  In  writing  Eqn  (!)  we  have  assumed  that  the 
deformations  of  the  target  and  the  penetrator  are  isochoric.  and  in  Eqn  (.3)  all  of  the  plastic 
working  rather  than  90-95%  of  it  as  asserted  by  Farren  and  Tayle**  [23]  is  assumed  to 
be  converted  into  heat. 

For  constitutive  relations,  which  are  characteristic  of  the  target  and  the  penetrator 
materials,  we  take 


pi +  «>/r(i D^o. 

„3/ 

15) 

0  =  0  if  tr(s)^  <  5iT5(l 

(6) 

j  =  <»-^pl. 

(7) 

q^  -k  grad  0, 

(8) 

U  s*  ct^. 

(9) 

2/-=itr(D^). 

■  (10) 

In  these  equations,  p  is  the  hydrostatic  pressure  not  determined  by  the  deformation  history 
of  a  material  particle  because  we  have  assumed  the  target  and  penetrator  materials  to  bo 
incompressible.  I  is  the  unit  tensor.  (Tq  the  yield  stress  in  a  quasisiatic  simple  tension  or 
compression  test,  the  second  invariant  of  the  strain-rate  tensor,  h  and  m  characterize 
the  strain-rate  hardening  of  the  material,  */  describes  its  thermal  softening,  0  equals,  the 
absolute  temperature  of  a  material  panicle,  s  is  the  deviatoric  stress  tensor,  k  the  thermal 
conductivityjind  c  the  specific  heat.  Both  k  and  c  are  assumed  to  be  independent  of  the 
temperature.  From  Eqns  (5)  and  (7),  we  get 

(itr5-)‘  ‘  =  —  (1  ^hirW  --0),  III) 

N  ^ 

J^hls  can  be  viewed  as  a  generalized  von  Mises  yield  criterion  when  the  flow  stress,  given 
by  ibe^right-hand  side  of  Eqn  ( 1 1 1,  at  a  material  panicle  depends  upon  its  strain-rate  and 
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the  temperature  change.  That  the  flow  stress  decreases  linearly  with  the  temperature  rise 
has  been  observed  by  Bell  [24],  and  Lindholm  and  Johnson  [25].  The  range  of  temperatures 
studied  by  these  investigators  is  not  as  large  as  that  likely  to  occur  here.  We  add  that  Tate 
[26]  also  used  a  linear  thermal  softening  law  in  his  study  of  the  penetration  problem. 

Rewriting  Eqn  I5)  as 

»=.  -[pi- +  -^(i  +wr(i  (i:) 

v3/ 

where  a  and  K  equal,  respectively,  the  coefficient  of  thermal  expansion  and  the  bulk 
modulus  of  the  material,  we  see  that  Eqn  1 5)  embodies  implicitly  thermal  stresses  caused 
by  the  non-uniform  temperature  rise  at  different  material  particles.  In  Eqn  (12).  p  is  not 
determined  by  the  deformation  history  of  a  material  particle  and  the  addition  of  a 
determinate  term  to  it  gives  rise  to  p  in  Eqn  (5)  which  is  taken  to  be  an  independent 
variable  throughout  this  work. 

Substitution  for  <t.  and  V  from  Eqns  (5),  (8)  and  (9)  into  Eqns  (2.2)  and  (3)  gives  the 
following  field  equations: 

-grad  p*f  ffodiv[(l  •rbl)”'{  \  3/]  ==p(v-grad)v  (13) 

k  div(grad  2(To/I1  +6/)'"(1  -yf^)  v  3  =*  pc’(v-grad)  (14) 

The  nonlinear  coupled  Eqns  1 13)  and  (i4).  and  Eqn  (1 )  subject  to  the  appropriate  boundary 
conditions  are  to  be  solved  for  the  fields  of  the  velocity  r.  pressure  p  and  temperature 
in  the  deforming  target  and  penetrator  regions.  Even  though  governing  equations  for  the 
target  and  penetrator  regions  are  the  same,  the  values  of  material  parameters  <Tq.  b,  /m.  y. 
p,  k  and  c  need  not  have  the  same  values  for  the  target  and  penetrator  materials.  In  order 
to  solve  Eqns  (1),  (13)  and  (14).  we  need  to  know  the  domains  over  which  they  apply. 
This  in  turn  requires  a  knowledge  of  the  shapes  and  locations  of  the  target  penetrator 
interface  Tj  and  the  free  surface  Tf  of  the  deformed  penetrator.  Both  these  surfaces  are 
unknown  a  priori.  For  the  time  being,  we  presume  that  fj  and  Vf  are  known.  Subsequently, 
we  discuss  how  to  find  these  surfaces. 

It  is  convenient  to  introduce  non-dimensional  variables,  indicated  below  by  a  super¬ 
imposed  bar,  as  follows: 

da<r/pi7,  psap.prf,  2*  pry,  (To,  Oq  =«  ry  c. 

9  «  r/i\,  r  =  r  ro,  f  =*  r  r^,  (Ta  Oq. 
y**A^  /J=«k.(pcr/o).  F^fetvro,  fi^fhpa\.  (15) 

We  note  that  i\  is  the  same  for  the  target  and  the  penetrator.  but  the  values  of  other 
variables  need  not  be  the  same.  When  non-dimensionalizing  a  quantity  for  the  target 
(penetrator),  the  value  of  the  material  parameter  for  the  target  (penetrator)  is  used.  .An 
advantage  of  the  iion-dimensionalization  (15)  is  that  the  governing  equations  for  the 
penetrator  and  the  target  look  alike.  In  Eqn  (15),  r^  is  the  radius  of  the  undeformed 
cylindrical  penetrator.  the  pair  (r.  r)  denotes  the  cylindrical  coordinates  of  a  point.  0,^  is 
the  reference  temperature,  h  is  the  heat  transfer  coefficient  between  the  penetrator  material 
and  air.  and  the  non-dimensional  number  i  gives  the  magnitude  of  the  inertia  forces  relative 
to  the  (low  stress  of  the  material.  Rewriting  Eqns  (1),  (13)  and  (14)  in  terms  of 
non-dimensional  variables,  dropping  the  superimposed  bars,  and  denoting  the  gradient 
and  divergence  operators  in  non-dimensional  coordinates  by  grad  and  div.  we  arrive  at 
the  following  set  of  equations: 

divr»0.  (16) 

-grad  p-*-div[|l  +  6/)"’(l  -  y(J)/)\  3  /s]  =  (p  grad)v.  (17) 

(i  div(grad  ^)-h  2/(1  -i-  6/)"’(l  -  yS),  (^,  3  a)  =*  (r- grad  It).  (18) 
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For  the  boundary  conditions,  we  take 


f  (<TII)  =»  0 

on  Fj, 

(19.1) 

Pp 

ii  •  a  —  rt  •  (Tprt 

Pt 

on  F,. 

(19.2) 

vn  *  0 

on  F,, 

(19.3) 

on  Fj. 

(19.4) 

on  Fj, 

(19.5) 

trn  —  O 

on  Ff. 

(19.6) 

V  •  /f  =  0 

on  Vf, 

(19.7) 

tn 

on  Ff, 

(19.8) 

where  /i  is  a  unit  outward  normal  to  the  surface,  t  is  a  unit  tangent  to  the  surface,  is 
the  air  temperature  and  subscripts  p  and  t  signify  the  quantity  for  the  penetrator  and  the 
target,  respectively.  We  note  that  boundary  conditions  (19.3)  and  (19.7)  which  signify  that 
fj  and  Ff  are  streamlines  are  not  required  for  a  complete  specification  of  the  problem 
provided  that  these  surfaces  are  known.  Since  these  surfaces  are  not  known,  we  presume 
their  shapes,  solve  the  problem  without  using  1 19.2  land  ( 19.7).  and  then  use  these  conditions 
to  ensure  that  the  presumed  f,  and  Ff  arc  correct.  The  procedure  for  adjusting  F|  and  F^ 
iff  19.2)  and  ( 19.7)  are  not  satisfied  within  the  prescribed  tolerance  is  described  in  Section  4, 
At  target  particles  far  away  from  F..  we  take 


|v  +  ej  -0 

as  (r-  -f-r*)‘  '  —  x. 

(20.1) 

-►  0 

as  r  X . 

(20.2) 

IcSl  _ 

H-O 

CTli 

as  r  -♦  X. 

(20.3) 

That  is,  target  particles  at  a  large  distance  from  F,  appear  to  be  moving  at  a  uniform  speed 
to  an  observer  situated  at  the  stagnation  point.  Equations  (20.2)  and  (20.3)  state  that  the 
fields  of  surface  tractions  and  heat  flux  vanish  at  target  particles  behind  the  stagnation 
point  and  far  from  it.  On  the  penetrator  cross-section  far  from  the  stagnation  point. 

:r-h(rp- De' —  0  asr  — x.  (21.1) 

asr-x.  (21.2) 

and  on  the  deformed  penetrator  material  at  the  outlet. 

[ff/i!— 0  as  ir- -i- r-)‘ * -*  X .  (21.3) 

\ce\  ,  ,  , 

— j— 0  asir--r’)— X.  (21.4) 

kn| 

Equations  (21.1)  and  (21.2)  state  that  the  end  of  the  penetrator  far  from  the  stagnation 
point  is  moving  in  the  negative  r-dircction  with  a  uniform  speed  of  (Cp  -  I )  relative  to  the 
observer  at  the  stagnation  point  and  is  at  a  uniform  temperature  Equations  (21.3)  and 
(21.4)  state  that  the  surface  of  the  deformed  penetrator  near  the  outlet  is  traction  free  and 
there  is  no  heat  e.xchange  between  them  and  the  material  on  the  other  side  of  the  ouile'. 
surface.  Ideally,  one  should  specify  the  rate  of  decay  of  quantities  in  Eqns  (20.1 )  through 
(20.3),  and  (21,1 )  through  (21.4).  HowcNer.  at  this  time,  there  is  little  hope  of  proving  any 
existence  or  uniqueness  theorem  for  the  stated  problem  and  we.  therefore,  gloss  over  the 
issue.  Herein  we  assume  that  the  problem  defined  by  Eqns  (l6)-i2!)  has  a  solution  and 
seek  an  approximation  to  that  solution  by  the  finite  element  method. 
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3.  FINITE  ELEMENT  FORMULATION  OF  THE  PROBLEM 

Unless  one  uses  infinite  elements,  a  numerical  solution  of  the  problem  necessitates  that 
we  consider  a  finite  region  and  know  the  shapes  of  the  free  surface  and  the 
target  penetrator  interface  f;.  VVc  presume  f;  and  f,  and  study  deformations  of  the 
penetrator  over  the  region  ABGHIJA  shown  in  Fig.  1  and  of  the  target  on  the  region 
BCDEFGB  also  shown  in  Fig.  I.  The  figure  depicts  a  finite  element  discretization  of  the 
domain:  the  mesh  is  very  fine  in  the  darker  regions.  We  note  that  the  finite  domains  for 
the  penetrator  and  the  target  considered  here  are  larger  than  the  penetrator  region  studied 
by  Batra  and  Lin  [18-19]  and  the  target  regions  e.xamined  by  Batra  [15-17]. 

The  boundary  conditions  ( 19.1 ),  ( 19.3)  and  1 19.4)  apply  on  the  target,  penetrator  interface 
BG  and  (19.6)  and  (19.8)  on  the  penetrator  free  surface  JIH.  We  recall  that  conditions 
(19.2)  and  (19.7)  are  used  to  verify  the  accuracy  of  the  assumed  surfaces  F;  and  ff.  On  the 
a.xis  of  symmetry  ABC,  vve  impose 

(T,.-0.  ^  =  0.  (22) 

cr 

The  boundary  conditions  (20)  and  (21)  at  the  far  surface  of  the  penetrator  and  the  target 
are  replaced  by  the  following  conditions  on  the  bounding  surfaces  of  the  finite  region  being 
analysed: 

i',=*l.  iv-0.  9-0^  on  the  bounding  surfaces  CD  and  DEF,  (23.1) 

c9 

<T„s*0,  I',  =  0,  —  =«0  on  FG.  (23.2) 


Sieadv  state  a\isvmme:nc  deformations 


.  It)  ^ 

.  0.  —  »  0 

cz 


on  the  outlet  surface  GH. 


on  the  surface  AJ. 


The  value  of  i\  is  computed  so  as  to  satisfy  the  balance  of  mass. 

Referring  the  reader  to  one  of  the  books  [27-29]  for  details  of  deriving  a  weak  form  ulaiion 
of  the  problem,  we  simply  note  that  a  weak  formulation  of  the  problem  defined  on  the 
target  region  R,  by  Eqns  (16^(18),  and  boundary  conditions  (19.1).  (22).  (23.1 )  and  (23.2) 
is  that  equations 

I  /.(div  r)dK5*0  1 24  !) 

Jr, 

p(div<^)dl^~  a)[Z):  (grad  <^)  +  (grad  <^)^]  dr 

;  A  Jo 


*  1  [(K-grad)i^]-^  dr  —  1  (/i<r/i)(^-/i)  dS  (24.2) 

Jr,  **  Jr, 

A  I  (£radtl  grad/i)dl'+ I  [|i-grad)%dV=  [  »,e,(/.0.i)dK- ( 

Jr,  Jr.  Jr,  Jr, 

where 

\  -^bim  -yf))  (2v'3;a).  (25.1) 

^,(/,^.x)=*2/(l  ^hirn (25.2) 

hold  for  arbitrary  smooth  functions  /..  <t>  and  tj  defined  on  R,  such  that  <ff-0  on  CD  and 
DEF,  0,  «0  on  BC  and  FG,  and  ;;=:0  on  CD  and  DEF.  If  at  a  boundary  point  a 
component  of  the  trial  solution  is  prescribed,  the  corresponding  component  of  the  test 
function  is  taken  to  vanish  there.  In  Eqn  (24.2)  for  linear  transformations 

A  and  B.  A  similar  set  of  equations  can  be  derived  for  the  penetrator  region.  Note  that 
for  the  penetrator  region  the  second  term  on  the  right-hand  side  of  Eqn  (24.3)  will  be 
replaced  by 


-  I  \  h{9-0jrjdS. 

JVi  Jrr 


Because  of  the  boundary  condition  (19.4).  we  use  the  following  iterative  scheme  to  solve 
the  problem.  We  estimate  6  in  Rp  and  R,,  solve  equations  (24.1).  (24.2)  and  a  similar  set 
of  equations  for  the  penetrator  for  the  fields  of  v  and  p  in  Rp  and  R,,  (cf.  Section  4. 1  below  i. 
use  these  values  of  r  in  Eqn  (24.3)  and  a  similar  equation  for  the  penetrator  to  solve  these 
for  0  in  RpuR,.  Thus  the  boundary  conditions  (19.4)  and  (19.5)  requiring  the  continuity 
of  the  temperature  and  the  normal  component  of  the  heat  Dux  across  the  target  penetrator 
interface  Fj  are  satisfied.  The  computed  value  of  9  is  compared  with  the  estimated  value  and 
the  aforementioned  process  is  repeated  until  the  difference  between  the  two  at  every  node 
point  is  less  than  the  prescribed  tolerance.  The  nonlinear  equations  (24.1)  and  (24.2)  are 
solved  iteratively  for  p  and  v.  At  the  /4h  iteration,  equations 

A 

I  /.(div  v')dF  =  0.  (26.1) 


p‘(div0)dF-  a)(/?':  [grad  0  +  (grad  0)jJ  dF 


j*  [(»^“ ‘  gradlr'J  ^ dF— J  (/i-<r'~ ‘/i)(0-ii) dS  i 

are  solved  for  v*  and  pV  The  iterative  process  is  stopped  when,  at  each  nodal  point. 


(26.3) 
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where  »  17  +  tf,  and  £  is  a  preassigned  small  number.  Since  Eqn  (26.2)  is  linear  in  /?, 
its  values  are  not  included  in  the  convergence  criterion  (26.3). 

4.  COMMENTS  ON  COMPUT.ATIONAL  ASPECTS  OF  THE  PROBLEM 

Batra  [17]  and  Batra  and  Lin  [19]  used  6-noded  triangular  elements  to  analyse  steady 
state  thermomechanical  deformations  of  the  target  and  the  penetrator.  respectively,  while 
assuming  that  the  other  body  was  rigid.  Thus,  they  approximated  the  velocity  and  pressure 
fields  by  piecewise  quadratic  and  piecewise  linear  fields  over  Rp  and  R^.  Each  of  these  fields 
is  continuous  across  inter-element  boundaries.  The  convergence  rate  of  the  iterative  scheme 
used  to  solve  Eqns  (24.1)  and  (24.2)  deteriorated  significantly  once  the  value  of  ^p  or  a, 
exceeded  5.  We  note  that  for  higher  values  of  Xp  and  x,,  the  convective  part  of  the  acceleration 
plays  a  dominant  role  and  the  finite  element  mesh  required  to  obtain  a  satisfactory  solution 
of  Eqns  (24)  by  the  Galerkin  approximation  [29]  needs  to  be  very  fine.  This  difficulty  was 
overcome  by  adding  an  artificial  viscosity  to  the  diffusive  terms  in  Eqns  (24)  and  using 
4-nodcd  quadrilateral  elements  in  which  the  pressure  field  is  taken  to  be  constant  and  the 
velocity  field  bilinear.  The  value  of  the  artificial  viscosity  v  to  be  added  in  each  element 
depends  upon  the  values  of  v  and  /i,  defined  by  Eqn  (25.1).  at  the  centroid  of  the  element 
and  the  dimensions  (/i,,  of  the  element.  Here  h,  and  equal,  respectively,  the  largest 
distances  in  the  r  and  r  directions  between  the  midpoints  of  the  sides  of  a  quadrilateral. 


Following  Brooks  and  Hughes  [30].  we  take 

v*v,-hv7.  (27.1) 

V,  = /i,(coth  Vj  -  1  V,)  2.  (27.2) 

>7  *  /i,(coth  V,  -  1  v,)/2.  /  (27.3) 

Vi  -  X).  V,  -  e\  X),  (27.4) 

when  solving  Eqn  (24.2),  and 

V,  (27.5) 


when  solving  Eqn  (24.3).  In  these  equations,  the  superscript  c  signifies  that  the  quantity 
is  evaluated  at  the  centroid  of  an  element.  Brooks  and  Hughes  [30]  have  shown  that 
adding  artificial  viscosity  is  equivalent  to  usine  the  Petrov-Galerkin  approximation  of  Eqn 
(24). 

4.1  Solution  algorithm 

Assume  the  shapes  and  locations  of  the  target/penetrator  interface  and  the  free  surface 
Tf  of  the  deformed  penetrator.  Estimate  the  temperature  field  B  over  the  regions  Rp  and 
R,  occupied  by  the  penetrator  and  the  target.  Solve  Eqns  (24.1)  and  (24.2)  for  (v.  p)  on 
R,  and  a  similar  set  of  equations  on  Rp  with  the  boundary  condition  (19.3).  Thus 
on  fj  and  the  contribution  from  the  surface  integral  term  on  the  right-hand  side  of  Eqn 
(24.2)  vanishes.  Equations  (19.2)  and  il9.7)  are  used  to  ascertain  the  accuracy  of  H  and 
Tf.  Emphasis  is  placed  on  finding  F,  first,  and  once  F^  has  been  determined.  Fj  is  found 
always  ensuring  that  Ff  is  still  reasonably  correct  and  if  necessary,  F,  is  adjusted.  During 
the  adjustment  of  Fj  nodes  on  it  are  moved  m  a  direction  perpendicular  to  it  by  an  amount 
proportional  to  (/J-/!*)  where  ;  J  and  /  "  equal,  respectively,  the  normal  force  on  the 
penetrator  and  target  particles  abutting  F,.  \  check  is  made  to  ensure  that  the  elements 
adjoining  Fj  are  not  severely  distorted  after  the  nodes  on  F|  have  been  shifted.  The  algorithm 
for  modifying  F,.  if  necessary,  is  given  below  in  Section  4.2. 

After  the  mechanical  problem  has  been  satisfactorily  solved,  the  computed  velocity  field 
is  used  to  solve  the  thermal  problem  for  the  combined  domain  RpuR,.  Thus  the  boundary 
conditions  (19.4)  and  (19.5)  are  trivially  satisfied.  The  second  term  in  Eqn  (25.3)  results 
in  the  satisfaction  of  the  boundary  condition  (19.8).  The  computed  values  of  are  compared 
with  the  estimated  values  and.  if  necessary,  the  solution  process  is  repeated  until  the 
prespecified  convergence  criteria  have  been  met. 
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4.2  Adjustment  of  the  free  surface 

The  algorithm  used  to  adjust  the  free  surface  F,  is  the  same  as  that  given  by  Gobinath 
and  Batra  [22]  and  is  included  herein  for  completeness.  Referring  to  Fig.  2,  let  point  Q 
on  Ff  be  downstream  from  P  on  F,.  Assume  that  the  computed  velocity  fp  is  tangent  to 
Ff  at  P  and  vq  does  not  satisfy  «  0.  In  order  to  find  the  new  location  of  point  Q.  we 
draw  a  circular  arc  that  passes  through  points  P  and  Q  and  is  ungent  to  at  P.  Let  C 
be  the  center  of  this  circular  arc.  Point  Q  is  moved  along  CQ  to  Q*  such  that  P  and  Q* 
lie  on  a  circular  arc  with  and  vq  being  tangent  to  the  circle  at  P  and  0*-  Points 
downstream  from  Q  are  moved  to  an  intermediate  location  before  this  rule  is  applied  to 
them.  Let  R  be  a  point  neighboring  Q  and  downstream  from  it.  R  is  moved  to  Ri  such 
that  the  vector  RiQ*  equals  the  vector  RQ.  The  final  location  R*  of  Rj  is  then  found  in 
the  same  way  as  Q*  was  determined  and  by  assuming  that  the  velocity  of  Rj  is  Vr.  Since 
point  J  is  on  F,,  the  algorithm  can  be  applied  starting  from  J. 


4.3  Mesh  regeneration 

After  the  position  of  F^  has  been  determined,  the  finite  element  mesh  on  Rp  is  regenerated 
by  solving  on  it  the  Poisson  equation 

=  P(r,  r) 

under  the  essential  boundary  conditions  <f>  =  r  and  0  =  r  at  nodes  on  the  boundary  cRp. 
Here  P  is  the  control  function  [31-34]  that  helps  generate  an  appropriately  graded  mesh. 
The  points  of  intersection  of  the  equipotential  curves  through  nodes  on  the  boundary  define 
the  new  locations  of  interior  nodes. 


Fig.  2.  Illustraiion  of  the  algonthm  to  adjust  T,. 
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5  DISCUSSION  OF  RESULTS 

I 

Except  when  we  study  the  eftect  of  varying  the  value  of  a  material  parameter,  we  assign 
the  following  values  to  different  parameters  for  the  penetrator  and  target  materials: 

Pp  *  Pi  *  7800  kg  m^.  To  =10  mm, 

(Top *  350  MPa.  (To,*  114.3  MPa. 
mp  =  0.025,  m,  =  0.025, 

/)p=  10000  s,  /).=  10000  s. 

Vp  -  0.000555/^C,  V.  =  0.000772,  X. 

Cp  =  473  J  kg- '  'C'\  c,  =  395  J  Kg-  ‘  X*  ‘. 
kp  =  48  Wm-^X'‘,  k,=  111  Wm-‘X‘‘, 

/i  =  20Wm--X-‘,  0,  =  O. 

We  recall  that  subscripts  p  and  t  signify  the  quantity  for  the  penetrator  and  the  target, 
respectively.  For  an  assigned  value  of  r„  the  value  of  v^,  is  estimated  from  the  relation  [  1  ] 

i(fp-!)2+ Fp  =  (/?,  + i)(p,/pp)  (28) 

where  Fp  and  R^  represent  strength  parameters  for  the  penetrator  and  target,  respectively. 
Pidsley  [6],  for  a  copper  penetrator  and  an  aluminum  target,  estimated  these  parameters 
to  equal  (-0.7){(T„)p  and  2.4((t„)j,  respectively,  where  (r„  is  the  Hugoniot  elastic  limit.  In 
his  1967  paper,  Tate  [1]  found  R,  =  3.5((Th),  and  in  a  recent  paper  [25]  he  gave 


yp=i.7(Top, 

R,  *  (ToiC2/3  +  ln(0.57£,/cTo,)], 


(29) 


where  E^  is  Young's  modulus  for  the  target  material.  Batra  and  Chen  [36]  used  a 
scmianalytical  method  to  analyse  the  steady  state  axisymmetric  deformations  of  a 
viscoplastic  target  being  penetrated  by  a  rigid  hemispherical  nosed  penetrator  and  found 
that 


R,  =  9.43(To,.  : 

In  terms  of  dimensional  variables,  we  need  to  know  (R,  -  Y^)  rather  than  the  values  of  R, 
and  Yp  to  find  from  Eqn  (28). 

In  all  of  the  results  presented  below  the  solution  for  the  velocity  and  temperature  fields 
was  assumed  to  have  converged  when,  at  each  nodal  point,  the  value  of  these  quantities 
during  two  successive  iterations  differed  by  no  more  than  5%.  The  free  surface  was  taken 
to  have  converged  when  at  each  node  point  on  it.  l^  /ft  was  less  than  0.02.  The  iterative 
process  to  compute  the  target,  penetrator  interface  was  stopped  when  the  values  of  the 
normal  tractions  and  f],  at  each  node  point  on  f;  differed  from  their  mean  values  by 
less  than  5%.  We  discuss  below  results  for  different  speeds  of  the  penetrator.  and  for 
different  values  of  the  strain-rate  hardening  exponent  m  and  the  coefficient  of  thermal 
softening  •/. 


5.1  Results  for  -  500  m/s 

Figure  3  depicts  the  computed  velocity  field  in  the  penetrator  and  target  regions  for 
r,  =  500  m/s.  The  penetrator  speed,  as  computed  from  Eqn  (28),  equals  1041  m  s.  The  plots 
clearly  show  that  the  velocity  at  points  on  the  free  surface  and  the  target;  penetrator  interface 
is  along  the  tangent  to  these  surfaces.  In  order  to  show  this  effect  clearly,  the  velocity  field 
in  only  a  part  of  the  deforming  region  is  shown.  The  computed  velocity  field  establishes 
the  validity  of  the  iterative  technique  outlined  above  to  find  the  shapes  of  the  free  surface 
and  the  targei/penetrator  interface.  A  least  squares  fit  to  the  bottom  surface  of  the 
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larget/penctrator  interface  Fj  can  be  represented  by  the  equation 

1.861^  0.874’ 


(30) 


It  is  interesting  to  note  that  Tate  [37]  found  the  equation  of  the  bottom  surface  of  Fj  to  be 


3r’ 


(31) 


A  possible  reason  for  the  difference  in  the  value  of  the  coefficient  for  the  first  term  is  the 
lower  value  of  l\  considered  here. 

If  the  pcnetrator  speed  is  less  than  the  limiting  velocity  and  there  is  no  perforation  of 
the  target.  Eqn  (30)  will  give  approximately  the  shape  of  the  bottom  surface  of  the  cylindrical 
cavity  in  the  target.  We  note  that  the  computed  shape  of  Fj  does  not  match  well  with  the 
hemispherical  cavity  considered  by  Batra  and  Lin  [19]  in  their  study  of  the  deformations 
of  a  thcrmoviscoplastic  rod  striking  a  rigid  cavity.  The  thickness  0.38rQ  of  the  outlet  region 
computed  by  Batra  and  Lin  [19]  for  Xp  =*  5.6  is  comparable  to  0.42ro  found  herein.  At  the 
pcnetrator  and  target  particles  that  lie  to  the  rear  of  the  bottom-most  point  of  the  free 
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surface,  the  flow  quickly  becomes  essentially  parallel  to  the  axis  of  the  penetrator.  Target 
particles  that  lie  ahead  of  the  penetrator/target  interface  and  within  one  penetrator  radius 
from  it  have  a  noticeable  radial  component  of  velocity.  The  velocity  field  for  other  values 
of  Uj  was  found  to  be  similar  to  that  shown  in  Fig.  3. 

Figure  4  shows  contours  of  the  hydrostatic  pressure  in  the  penetrator  and  target  regions. 
Recalling  that  the  non-dimensionalization  is  with  respect  to  pv;,  and  Uj  =  500  m/s,  these 
values  need  to  be  multiplied  by  5.6  and  17.1  for  the  penetrator  and  target,  respectively, 


Fig.  5.  Distribution  of  the  strain-rate  invariant  [  in  the  deforming  penetrator  and  target  regions 

for  u,  =  500  m/s. 
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Fig.  6.  Variation  of  2nd  invariant  I  of  the  strain-rate  tensor  along  three  arbitrary  lines  LM,  PQ, 
and  PS  perpendicular  to  Fj  (u,  =  500  m/s). 


to  get  values  of  p  as  a  multiple  of  corresponding  (Tq.  The  maximum  values  of  the 
non-dimensional  hydrostatic  pressure  were  found  to  be  0.8975  and  1.017  for  the  penetrator 
and  the  target,  respectively.  These  equal  5.03  o-Qp  and  17.39(Tot,  respectively.  When  the 
penetrator  and  the  target  materials  are  modeled  as  rigid/perfectly  plastic,  Gobinath  and 
Batra  [38]  found  for  =  500  m/s,  the  peak  pressures  in  the  penetrator  and  target  to  be 
5.06(Top  and  l5.68crot  near  the  stagnation  point.  It  seems  that  the  consideration  of  strain-rate 
hardening  and  thermal  softening  effects  has  virtually  no  effect  on  the  value  of  the  peak 
hydrostatic  pressure  in  the  penetrator  but  increases  its  value  in  the  target  region.  We  note 
that  for  the  rigid  ellipsoidal  nosed  penetrator  {rJrQ  =  2.0)  and  rigid/thermoviscoplastic 
target,  Batra  [16]  computed  the  maximum  value  of  p  to  be  12croj  for  o[^  =  5.0  and  for  the 
thermoviscoplastic  rod  upset  at  the  bottom  of  a  rigid  hemispherical  cavity,  Batra  and  Lin 
[19]  found  to  be  3tTop  for  oCp  =  5.0.  Pidsley  [6]  who  studied  the  penetration  of  a  copper 
rod  into  a  steel  target  by  using  the  HELP  code,  computed  to  be  5.53(Top  and  4.33croi 
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for  y.p  =  7.84  and  =  1.92,  respectively,  during  the  steady  state  portion  of  the  penetration 
process. 

The  distribution  of  I  in  the  deforming  penetrator  and  target  regions  is  shown  in  Fig.  5. 
Note  that  the  scales  in  the  two  regions  are  different  but  the  values  of  1  in  each  case  are 
to  be  multiplied  by  vJt-Q  to  get  the  dimensional  values  of  /.  Thus  peak  strain-rates  of  the 
order  of  lOVs  occur  in  the  penetrator  and  the  target.  As  for  the  thermoviscoplastic  target 
striking  a  rigid  hemispherical  cavity  [19]  significant  deformations  of  the  penetrator  occur 
within  the  hemispherical  region  of  radius  nearly  l.O  and  centered  at  the  bottom-most  point 
of  the  free  surface.  Note  that  the  values  of  /  near  the  stagnation  point  are  quite  high  both 


Fig.  7.  Distribution  of  the  temperature  rise  in  the  deforming  penetrator  and  target  regions 

(u,  =  500  m/s). 
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P  -  Hydrostotic  pressure 
V  -  Tongentiol  velocity 
T  -  Temperature 

I -Second  invariont  o(  strain-rate  tensor 


ArcLength 

Fig.  8.  Distribution  of  the  hydrostatic  pressure,  tangential  velocity,  2nd  invariant  /  of  the  strain-rate 
tensor  D,  and  the  temperature  rise  on  the  target/penetrator  interface  (y,  =  500  m/s). 


in  the  target  and  penetrator  regions.  Whereas  peak  values  of  I  in  the  deforming  penetrator 
region  occur  at  points  near  the  free  surface  where  the  flow  is  reversing,  those  in  the  target 
occur  at  points  adjoining  the  common  interface  Fj.  Peak  values  of  /  in  the  penetrator  and 
target  equal  5.25  at  the  point  (1.135,  1.01),  3.75  at  the  point  (1.106,  0.17),  respectively.  In 
dimensional  units  these  equal,  respectively,  0.2625  x  lOVs  and  0.1875  x  lOVs. 

In  order  to  examine  whether  or  not  sharp  gradients  of  /  occur  across  the  target/penetrator 
interface  Fj,  we  have  plotted  in  Fig.  6  the  variation  of  /  along  lines  LM,  PQ  and  PS  which 
are  arbitrarily  selected  and  shown  in  the  figure.  The  distribution  of  /  along  these  three 
lines  exhibits  similar  behavior  in  that  the  values  of  /  are  discontinuous  across  F^  and  the 
value  of  /  at  the  target  particle  abutting  F,  is  higher  than  that  for  the  penetrator  particle 
occupying  the  same  spatial  position.  The  maximum  value  of  I  within  the  deforming  target 
region  occurs  at  a  point  slightly  away  from  Fj.  For  points  on  line  LM,  1^^^  for  the  target 
is  higher  than  that  for  the  penetrator  particles,  but  the  converse  holds  for  points  on  lines 
PQ  and  PS.  Since  the  tangential  velocity  of  target  and  penetrator  particles  abutting  F^  are 
nearly  the  same,  for  normal  tractions  to  be  continuous  across  Fi,  normal  derivatives  of  v 
on  Fj  must  be  discontinuous  if  target  and  penetrator  particles  are  made  of  different  materials. 
This  provides  a  justification  for  the  jump  in  the  value  of  /  as  one  crosses  Fj.  Recalling  that 
the  hydrostatic  pressure  contributes  significantly  to  the  normal  tractions,  it  is  not  necessary 
that  /  be  sharply  discontinuous  across  Fj  for  the  normal  tractions  on  the  two  sides  of  Fj 
to  match  with  each  other. 

Figure  7  depicts  the  temperature  distribution  in  the  deforming  penetrator  and  target 
regions.  Note  that  the  scales  for  the  two  plots  are  different.  As  for  the  values  of  the 


33 


Steady  state  a.xisvmnictric  deformatjons 


sirain-raie  invariant  /.  high  temperatures  occur  in  the  deforming  penetrator  region  near 
the  stagnation  point  and  points  adjoining  the  free  surface.  Because  of  the  high  speed  of 
material  particles,  a  considerable  amount  of  heat  is  transferred  by  convection.  For  this 
reason,  the  temperature  decreases  rather  slowly  as  one  moves  downstream  along  the 
target,  penetrator  interface  or  along  any  other  streamline  such  as  the  free  surface  of  the 
penetrator.  The  maximum  temperature  rise  in  the  penetrator  and  target  is  found  to  be 
232'C  at  the  point  (0.17,0.66)  and  1910  at  the  point  (0.479,0.05),  respectively.  This  is 
considerably  less  than  that  found  when  either  the  penetrator  (504'C)  or  the  target  (605  C) 
is  regarded  as  rigid  for  nearly  the  same  value  of  i\.  One  possible  explanation  for  this  is 
that  the  external  work  done  in  the  present  problem  is  used  to  deform  both  the  penetrator 
and  the  target,  whereas  in  the  previous  studies  referred  to,  all  of  the  external  work  was 
used  to  deform  either  the  penetrator  or  the  target.  Along  the  axial  line  the  temperature 
decreases  slowly  within  the  penetrator  but  quite  rapidly  in  the  target. 

Figure  8  shows  the  distribution  of  the  non-dimensional  hydrostatic  pressure,  second 
invariant  /  of  the  strain-rate  tensor,  tangential  velocity  and  the  temperature  rise  at  points 
on  the  target 'penetrator  interface  The  temperature  values  are  to  be  multiplied  by  52.8  C 
to  get  their  dimensional  counterparts.  It  is  clear  that  on  the  maximum  value  of  the 
temperature  occurs  at  a  point  slightly  away  from  the  stagnation  point.  Even  though  the 
values  of  the  non-dimensional  and  dimensional  pressures  on  the  penetrator  and  target 
sides  of  the  common  interface  Fj  arc  nearly  the  same,  their  values  as  a  multiple  of  the  flow 
stress  are  not  because  of  the  difference  in  the  values  of  the  flow  stresses  for  the  penetrator 
arid  target  regioris.  The  slight  difference  in  the  value  of  the  tangential  velocities  of  the 
target  and  penetrator  particles  situated  at  the  same  spatial  position  on  F;  reveals  that  there 
is  some  slippage  between  the  two.  This  is  consistent  with  our  assumptions  of  only  the 
normal  velocity  and  normal  tractions  being  continuous  across  Fj. 

On  the  axial  line,  uniaxial  strain  conditions  prevail,  approximately.  Thus  the  magnitude 
of  the  deviatoric  stress  s„  should  equal  2/3  the  effective  stress,  which  equals  3  times  the 
right-hand  side  of  Eqn  (1 1).  As  shown  in  Fig.  9(a),  the  difference  between  5„  and  2. 3rr,  is 
less  than  ^  on  the  penetrator  side  and  less  than  0.3%  on  the  target  side.  Also  depicted 
in  the  figui,'^  are  contributions  of  various  terms  in  Eqn  (32),  obtained  by  integrating  the 
equation  of  motion  along  the  central  streamline  r  «  0 


ir^-yp-5„-2  f  ^-^d:  =* -(T„(0). 
Jo 


This  equation  holds  both  for  the  penetrator  and  the  target,  and  r  is  measured  from  the 
stagnation  point.  Even  though  (r„(0)  for  the  target  and  the  penetrator  should  equal  each 
other,  the  two  do  not  match  in  our  plot  because  the  solution  was  taken  to  have  converged 
when  the  normal  tractions  on  the  penetrator  and  target  sides  differed  from  the  mean  normal 
tractions  by,  at  most.  5%.  Note  that  the  integral  term  in  Eqn  (32)  contributes  significantly 
to  the  total  as  we  move  away  from  the  stagnation  point.  This  was  pointed  out  by  Wright 
[4]  and  has  also  been  verified  by  Pidsley  [6].  We  add  that  while  computing  from  the 
computed  velocity  and  temperature  fields,  contributions  from  the  artificial  viscosity  were 
not  considered.  Figure  9(b)  depicts  the  variation  of  the  second  invariant  /  of  the  strain  rate 
tensor  and  the  temperature  rise  6  on  the  axial  line.  The  temperature  on  the  target  side 
falls  off  rather  rapidly  as  one  moves  away  from  the  stagnation  point.  However,  within  the 
penetrator,  the  maximum  value  of  the  temperature/rise  occurs  at  a  point  away  from  the 
stagnation  point.  Even  though  the  maximum  value  of  /  on  the  target  axial  line  occurs  near 
the  stagnation  point  and  is  much  higher  than  that  on  the  penetrator  axial  line,  lor 
the  penetrator  particles  is  larger  than  for  the  targ^This  is  due  to  the  differences  in' 
the  value  of  their  heat  capacities  and  flow  stresses.  A  possible  explanation  for  the 
discontinuity  in  the  values  of  /  as  one  crosses  the  target  penetrator  interface  is  the  same 
as  that  given  above  for  lines  LM,  PQ  and  PS. 


5.2  Effect  of  the  speed  of  penetration  _ 

Figure  10  depicts  the  distribution  of  the  mean  normal  tractions^orTThe-target/penetrator 
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Fig.  9(a).  Contributions  of  various  terms  in  the  Bernoulli  equation  along  the  central  streamline 

(Us  =  500  m/s). 


Fig.  9(b).  Distribution  of  the  2nd  invariant  /  of  the  strain-rate  tensor  D  and  the  temperature  rise 
along  the  central  streamline  (u^  =  500  m/s). 


interface  for  =  450  m/s,  500  m/s  and  550  m/s.  The  values  of  (oCp,  aj  corresponding  to 
these  values  of  equal  {4.51,  13.82),  (5.57,  17.06),  and  (6.74,  20.65),  respectively.  The  values 
of  the  penetrator  speed  for  these  values  of  equal  850  m/s,  1041  m/s  and  1234  m/s, 
respectively.  These  plots  elucidate  that  the  normal  tractions  on  the  common  interface 
increase  sharply  with  the  penetration  speed.  The  normal  tractions  diminish  to  nearly  zero 
values  for  non-dimensional  values  of  arc  length  on  Tj  exceeding  2.0.  We  note  that  these 
curves  are  similar  to  that  given  by  Gobinath  and  Batra  [22]  who  assumed  the  penetrator 
and  target  materials  to  be  rigid/perfectly  plastic  and  solved  the  problem  for  —  400  m/s. 
The  axial  resisting  force  experienced  by  the  penetrator  for  the  three  values  of  considered 
herein  equalled  8.91,  11.52,  and  14.51,  respectively.  These  numbers  need  to  be  multiplied 
by  7rr5<Top  to  get  the  corresponding  dimensional  values  of  the  axial  force  acting  on  the 
penetrator.  We  have  plotted  the  shapes  of  the  free  surface  and  the  target/penetrator  interface 
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Fig.  10.  Distribution  of  the  mean  normal  tractions  on  the  target/penetrator  interface  for  three 

different  speeds  of  penetration. 


Fig.  10(a).  Shapes  of  the  free  surface  for  three  Fig.  10(b).  Shapes  of  the  target/penetrator  interface 

different  speeds  of  penetration.  for  three  different  speeds  of  penetration. 


for  the  three  values  of  stated  above  in  Figs  10(a)  and  10(b),  respectively.  In  order  to 
elucidate  the  dependence  of  the  location  of  the  stagnation  point  upon  the  speeds  of 
penetration,  the  ordinate  is  measured  from  the  bottom  surface  (CD  in  Fig.  1)  of  the  target 
region  considered.  The  stagnation  point  moves  away  from  the  free  surface  of  the  deformed 
penetrator  as  the  speed  of  penetration  is  increased.  Also  with  the  increase  in  the  speed 
of  penetration,  the  distance  between  the  free  surface  of  the  undeformed  penetrator  and 
the  deformed  penetrator  particles  moving  rearwards  increases.  The  shape  of  the  target/ 
penetrator  interface  also  depends  strongly  upon  the  penetration  speed. 

5.3  Effect  of  the  strain-rate  hardening  exponent  m 

Figures  11,  11(a)  and  11(b)  depict  the  distribution  of  the  mean  normal  tractions  on  the 
target/penetrator  interface  Tj,  its  shape  and  the  shape  of  the  free  surface  Tf  for  three  different 
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Fig.  11.  Distribution  of  the  mean  normal  tractions  on  the  target/penetrator  interface  for  three 
dilTerent  strain-rate  hardening  exponents. 
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Fig.  11(a).  Shapes  of  target/penetrator  interface  for  three  different  strain-rate  hardening  exponents. 
Fig.  11(b).  Shapes  of  free  surface  for  three  different  strain-rate  hardening  exponents. 


Fig.  11  (c).  Comparison  of  shapes  of  free-surface  for  three  different  combinations  of  material  model. 


Fig.  11(d).  Comparison  of  shapes  of  target,  penetrator  interface  for  three  different  combinations  of 

material  model. 
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combinations  of  the  values  of  the  strain-rate  hardening  exponent  m  and  **  500  m  s. 
When  the  value  of  m  for  the  penetrator  is  kept  fixed  at  0.025  and  the  value  of  m  for  the 
target  is  changed  from  0.025  to  0.005,  there  is  hardly  any  change  in  the  shape  of  the  free 
surface.  However,  the  shape  of  Fj  and  the  distribution  of  normal  tractions  on  it  do  change 
seme,  though  not  significantly,  when  m,  is  reduced  from  0.025  to  0.005.  In  Fig.  1 1(b),  the 
free  surfaces  are  plotted  to  a  large  scale  so  as  to  magnify  differences,  if  any,  in  their  shapes 
for  different  values  of  m.  The  change  in  the  value  of  from  0.025  to  0.005  while  m,  is 
kept  fi.xed  at  0.025  does  influence  significantly  the  shape  of  the  free  surface  and  to  a 
somewhat  less  extent,  the  shape  of  the  target/peneirator  interface  and  the  distribution  of 
normal  tractions  on  it.  The  stagnaJon  point  moves  away  a  little  bit  from  the  free  surface 
when  the  value  of  m  is  changed  from  0.025  to  0.005  either  for  the  penetrator  or  the  target. 
The  peak  values  of  0,  /.  and  p  and  where  they  occur  are  influenced  by  the  values  of 
and  m,  as  evidenced  by  the  information  provided  in  Table  1. 

When  cither  the  penetrator  or  the  target  is  modeled  as  rigid.' perfectly  plastic  material 
and  the  other  body  as  viscoplastic  with  m  a  0.025,  the  shapes  of  the  free  surfaces  and  the 
corresponding  intermediate  surfaces  are  shown  in  Figs  life)  and  IKd),  respectively.  The 
vertical  scale  in  these  figures  represents  the  distance  measured  from  the  bottom-most  point 
of  the  target  region  studied  so  that  vertical  displacements,  if  any,  of  the  stagnation  point 
could  be  determined.  When  either  one  of  the  two  materials  is  modeled  as  rigid  perfectly 
plastic,  the  stagnation  point  moves  downward,  the  displacement  for  mp  =:  0  being  twice  of 
that  for  m,  =  0.  The  shapes  of  the  free  surface  of  the  deformed  penetrator  remain  unaltered 
when  cither  m,  is  0.025  or  0.0  and  does  not  change  noticeably  when  is  decreased  from 
0.025  to  0.0. 

5.4  Ejfect  of  the  thermal-softening  coefficient  y 

When  the  value  of  the  thermal  softening  coefficient  y  for  cither  the  target  or  the  penetrator 
was  doubled  keeping  that  for  the  other  part  unchanged,  the  distributions  of  the  mean 
normal  tractions  on  the  targct/penetraior  interface  Fj,  its  shape  and  the  shape  of  the  free 
surface  F,  were  essentially  unaltered.  Therefore,  these  plots  are  not  included  in  the  paper. 
The  values  of  in  the  penetrator  and  target  regions  do  not  change  much 

when  y  is  doubled  either  for  the  target  or  the  penetrator.  We  note  that  a  similar  effect  was 
observed  by  Batra  [17]  who  analysed  the  steady  state  penetration  of  a  rigid  cylindrical 
rod  into  a  thick  thermoviscoplastic  target. 

5.5  Effect  of  different  ratios  of  mass  densities 

Results  presented  in  this  section  are  f'^r  the  case  when  the  penetrator  and  target  materials 
are  modeled  as  rigid/perfectly  plastic.  Figure  12  shows  the  shapes  of  the  target  penetrator 
interface  Fj  and  the  distribution  of  normal  tractions  on  it  for  p,/pp=«  1.25.  l.O,  and  0.75. 
The  ordinate  in  Fig.  12(a)  is  the  vertical  distance  from  the  bottom  surface  CD  of  the  target 
region  considered  and  the  scales  along  the  horizontal  and  vertical  a.xes  are  quite  different. 
The  expanded  scale  along  the  horizontal  axis  is  meant  to  magnify  the  small  differences  in 
the  shapes  of  Fj  when  pjp^  is  varied.  We  note  that  in  these  computations  Pp  was  kept  fixed. 
The  plots  of  normal  tractions  on  F,  reveal  that  the  largest  normal  tractions  occur  for 
Pu  pp  *  1 .25  and  least  for  pjp^  »  0.75  and  the  change  seems  to  depend  continuously  upon 
p,/pp.  Thus,  for  the  same  penetrator  materia!,  the  pressure  at  the  stagnation  point  will 
increase  with  an  increase  in  the  mass  density  of  the  target.  Simil'irly  for  a  fi.xed  target 
material,  higher  density  penetrators  would  result  in  smaller  values  of  the  pressure  at  the 
stagnation  point. 

6.  HISTORIES  OF  THE  STRESS.  STRAIN-RATE  INVARIANT. 

HYDROSTATIC  PRESSURE  AND  THE  SPIN  TENSOR 

One  of  the  unresolved  problems  in  penetration  mechanics  is  the  selection  for  the  material 
of  the  penetrator  and  the  target  constitutive  relations  that  adequately  mode!  their  response 
over  the  range  of  deformations  anticipated  to  occur  in  a  problem.  In  an  attempt  to  help 
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Fig.  12(a>.  Shapes  of  the  target  pcnetrator  interface  for  Fig.  12(b).  Distribution  of  the  mean  normal  tractions 
three  different  values  of  p„Pp.  on  the  target  pcnetrator  interface  for  three 

difTerent  values  of  p,.  Pp. 


determine  which  one  of  the  many  recently  proposed  theories  (e.g.  Refs  [39-42])  of  large 
deformation  elasioplasiiciiy  is  most  appropriate  for  a  penetration  problem,  we  give  below 
histories  of  the  effective  stress,  second  invariant  of  the  strain-rate  tensor,  the  temperature 
and  the  spin  for  a  few  typical  target  and  penetraior  particles.  These  time  histories  should 
also  help  establish  desirable  testing  regimes  for  practical  problems. 

The  first  step  in  finding  histories  of  a  field  variable  at  a  material  particle  is  to  find  the 
streamline  for  that  particle.  Streamlines  originating  from  four  locations,  viz.  AlO.l.  5.88), 
B(0.15,  5.88),  C(0.90,  5.88),  and  D(0.95, 5.88)  within  the  deforming  penetraior  region  and 
two  locations,  i.e.  E  (0.10,  —  3.12)  and  F(0.15,  —  3.12)  within  the  deforming  target  region 
are  plotted  in  Fig.  13.  That  the  four  streamlines  originating  from  points  C.  D,  E,  and  F 
do  not  intersect  or  merge  together  is  clear  from  the  enlarged  view  of  the  portion  enclosed 
in  the  box.  In  the  following  discussion,  we  identify  the  histories  of  the  material  particle 
that  once  occupied,  say,  the  place  A  as  histories  of  the  variable  for  the  material  particle  A. 

6.1  Histories  of  field  variables  for  penetraior  particles 

Figure  14  depicts  the  location  of  the  four  particles  at  different  times.  The  time  is  reckoned 
from  the  instant  when  particles  A,  B.  C,  and  D  occupied  the  places  (O.IO.  5.88),  (0.15.  5.881 
(0.9U,  5.88),  and  (0.95,  5.88),  respectively.  The  radial  and  axial  components  of  the  velocity 
at  different  times  for  these  four  panicles  are  plotted  in  Fig.  15.  As  particles  A  and  B 
approach  the  region  surrounding  the  stagnation  point  at  f  =  5.  their  velocities  in  the  radial 
direction  increase  sharply  and  those  in  the  axial  direction  decrease  to  zero.  Material 
particles  C  and  D  adjoining  the  free  surface  of  the  pcnetrator  reach  near  the  bottom-most 
point  on  the  free  surface  at  time  t »  2.8.  The  radial  velocity  of  these  particles  which  was 
initially  zero  increases  sharply,  and  becomes  maximum  when  they  are  close  to  the 
bottom-most  point  on  the  free  surface.  It  is  followed  by  a  rapid  decrease  to  a  small  value 
which  gradually  becomes  zero.  Recalling  that  the  velocities  plotted  are  those  relative  to 
the  velocity  of  the  stagnation  point,  the  sharp  jump  in  the  value  of  r,  for  these  particles 
corresponds  to  the  reversal  in  their  direction  of  motion  after  they  move  past  the  bottom 
of  the  free  surface.  In  Fig.  16  we  have  plotted  the  histories  of  the  non-dimensional 
temperature  and  the  second  invariant  /  of  the  strain-rate  tensor.  For  points  A  and  B 
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Fig.  13.  Streamlines  emanating  from  four  points  of  the  penetrator  region  and  two  points  of  the 

target  region. 

adjoining  the  axial  lihe,  peak  values  of  the  temperature  rise  are  higher  than  those  for  points 
C  and  D,  but  the  peak  values  of  /  for  points  C  and  D  are  higher  than  those  for  points  A 
and  B.  Peak  values  of  the  second  invariant  1  of  the  strain-rate  tensor  at  points  A  and  B 
are  much  lower  than  those  for  points  C  and  D.  Peak  values  of  6  and  I  at  points  A  and  B 
occur  when  they  are  near  the  stagnation  point.  As  these  points  move  far  away  from  the 
stagnation  point,  the  value  of  /  decreases  rapidly  but  that  of  9  decreases  slowly  due  to  the 
convective  transport  of  heat.  For  points  C  and  D  near  the  free  surface,  peak  values  of  6 
and  /  occur  simultaneously  soon  after  they  cross  over  to  the  right  of  their  bottom-most 
positions.  Note  that  the  values  of  /  and  6  increase  at  points  C  and  D  rapidly  as  they 
approach  the  bottom-most  point  on  the  free  surface.  Whereas  the  values  of  /  drop  quite 
rapidly,  their  temperature  is  still  high  because  of  the  convective  transport  of  heat.  Figure 
17  shows  histories  of  the  effective  stress  defined  as  the  right-hand  side  of  Eqn  (11),  and 
the  hydrostatic  pressure  at  these  four  particles.  For  particles  C  and  D  the  hydrostatic 
pressure  is  negligibly  small.  This  is  to  be  expected  since  these  particles  always  stay  close 
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Fig.  14.  The  variation  of  r-,  r-coordinate  of  four  penetrator  particles  at  different  times. 
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to  the  free  surface  of  the  penetrator.  Note  that  the  peak  values  of  at  all  four  points 
considered  is  nearly  the  same.  Since  the  material  particles  are  undergoing  plastic 
deformation,  the  effective  stress  must  satisfy  the  yield  condition  (11).  The  variation  in  the 
effective  stress  at  these  points  is  due  to  the  change  in  the  values  of  /  and  6.  At  points  C 
and  D,  the  peak  values  of  /,  0,  and  occur  at  the  same  time  thereby  implying  that  the 
strain-rate  hardening  effects  dominate  over  the  thermal  softening  effects.  For  t>  5  when 
the  values  of  I  have  become  essentially  zero,  the  effective  stress  drops  because  of  the 
softening  caused  by  the  heating  of  the  material  points.  For  material  particles  A  and  B, 
whereas  occurs  at  f  ci:  2.8,  the  maximum  value  of  occurs  at  t  ~  2.2.  Recalling  the 
history  of  the  temperature  plotted  in  Fig.  16,  we  see  that  9^^^  occurs  at  t  :=^4.5  and  the 
values  of  0  at  f  ~  2.8  are  higher  than  those  at  r  i:::  2.2.  The  higher  value  of  the  thermal 
softening  effect  at  t  ^  2.8  reduces  the  value  of  as  compared  to  that  at  t  2.2. 
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Fio.  17.  Histories  of  the  hydrostatic  pressure  and  effective  stress  for  four  penetrator  particles. 


Because  of  the  assumptions  of  axisymmetric  deformations,  there  is  only  one  non-zero 
component  of  spin.  The  histories  of  the  spin  for  the  four  penetrator  particles,  plotted  in 
Fig.  18,  reveal  that  the  material  particle  C  that  is  near  the  free  surface  has  the  highest 
value  of  spin.  The  peak  value  of  the  plastic  spin  for  the  material  particle  C  is  twice  that 
for  each  of  the  other  three  particles.  This  peak  value  of  the  spin  at  C  occurs  when  it  has 
crossed-over  to  the  right  of  its  bottom-most  position  and  is  flowing  rearwards. 

6.2  Histories  of  field  variables  for  target  particles 
In  Fig.  19  we  have  plotted  the  r-  and  r-coordinates  of  the  target  material  particles 
for  different  values  of  time  f;  their  positions  at  time  r*0  were  E(0.10,  -3.12)  and 
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Fig.  18.  Histories  of  the  spin  of  four  penetrator  particles. 


Time  Time 

Fig.  19.  Variation  of  r-, ’-coordinates  of  two  different  target  particles  at  different  times. 

F(0.15,  —3.12),  respectively.  The  radial  and  axial  components  of  the  velocity  of  these 
particles  are  plotted  in  Fig.  20.  As  these  particles  approach  the  region  surrounding  the 
stagnation  point,  their  radial  velocity  increases  sharply  and  subsequently  drops  to  zero 
equally  fast.  The  axial  velocity  of  these  particles  relative  to  that  of  the  stagnation  point 
decreases  and  then  increases  as  these  points  leave  the  area  near  the  stagnation  point.  For 
t>9,  these  particles  are  moving  essentially  vertically  and  parallel  to  the  target/penetrator 
interface.  The  histories  of  the  second  invariant  /  of  the  strain-rate  tensor  and  the 
temperature  rise  6  are  plotted  in  Fig.  21.  The  peak  values  of  6  at  these  two  points  occur 
at  the  same  value  of  time.  However,  the  peak  values  of  /  occur  a  little  bit  later.  The  rate 
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Fig.  20.  Histories  of  the  radial  and  axial  components  of  velocity  for  two  target  particles. 


Fig.  21.  Histories  of  the  temperature  rise  and  2nd  invariant  /  of  two  target  particles. 


of  increase  of  temperature  at  these  particles  is  much  higher  than  the  rate  of  increase  of  /, 
but  /  decreases  much  more  rapidly  than  the  temperature  does  because  of  the  convective 
transport  of  heat.  The  histories  of  the  hydrostatic  pressure  p  and  the  effective  stress 
shown  in  Fig.  22  reveal  that  the  pressure  attains  its  maximum  value  when  points  E  and 
F  reach  the  zone  surrounding  the  stagnation  point  at  time  c  4.5.  Note  that  the  maximum 
values  of  1  and  9  occur  at  these  points  when  they  have  moved  quite  a  bit  away  from  the 
stagnation  point.  The  effective  stress  at  these  points  does  not  vary  much  because  the 
thermal  softening  caused  by  their  getting  heated  up  seems  to  balance  out  the  strain-rate 
hardening.  The  histories  of  the  plastic  spin,  plotted  in  Fig,  23,  suggest  that  of  the  two 
target  particles  considered,  the  one  farther  from  the  axial  line  has  the  higher  values  of  the 
spin.  The  highest  value  of  the  spin  occurs  just  before  these  particles  arrive  near  the  stagnation 
point.  Also,  when  the  particles  start  turning  upwards  along  the  target/penetrator  interface, 
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Fig.  22.  Histories  of  the  hydrostatic  pressure  and  effective  stress  for  two  target  particles. 


2 

ii 
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Fig.  23.  Histories  of  the  spin  of  two  target  particles. 


their  spin,  now  of  opposite  sign,  is  equally  large  in  magnitude.  The  peak  values  of  the  spin 
are  comparable  in  magnitude  to  the  peak  values  of  /  for  these  particles. 

7.  CONCLUSIONS 

We  have  analysed  steady  state  axisymmetric  deformations  of  a  long  cylindrical 
thermoviscoplastic  rod  penetrating  into  a  thick  thermoviscoplastic  target.  Also  studied  is 
the  effect,  on  the  deformations  of  the  rod  and  the  target,  of  the  penetration  speed,  values 
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of  the  strain-rate  hardening  exponent  and  the  coefficient  of  thermal  softening.  The  bottom 
part  of  the  target,  penetrator  interface  f,  is  a  part  of  an  ellipsoid  rather  than  a  hemisphere. 
For  r,  =*  500  m^s,  the  peak  pressures  in  the  penetratoi  near  the  stagnation  point  approach 
5.6(Top  and  that  in  the  target  l4<ro,  when  <Top/  =  3.06  where  (Tqp  ^ttd  (To,  equal  the  yield 
stress  in  a  quasistaiic  simple  compression  test  for  the  penetrator  and  target  materials, 
respectively.  The  peak  values  of  232'C  of  the  temperature  rise  in  the  penetrator  and  19 1  "C 
in  the  target  are  significantly  lower  than  those  found  w'hen  either  of  the  two  materials  is 
considered  as  rigid.  Along  the  axial  line  the  temperature  decreases  slowly  in  the  penetrator 
but  quite  rapidly  in  the  target.  The  normal  tractions  on  the  common  interface  T,  increase 
sharply  with  the  increase  in  the  penetration  speed.  Also  the  axial  resisting  force  acting  on 
the  penetrator  equalled  8.9  U  11.52  and  14.51  F  {F  =  :rr5<7op)  for  stagnation  point  speeds 
of  450,  500  and  550  m/s,  respectively.  The  corresponding  values  of  the  penetrator  speed 
are  850,  1041  and  1234  m  s,  respectively.  A  significant  contribution  to  the  resisting  force 
is  made  by  the  consideration  of  the  strain-rate  hardening  effects.  The  value  of  the  strain-rate 
hardening  exponent  for  the  penetrator  affects  more  the  shapes  of  the  free  surface  Tf  of  the 
deformed  penetrator  and  the  target  penetrator  interface  T,  than  the  value  of  the  strain-rate 
hardening  exponent  for  the  target.  The  values  of  the  thermal  softening  coefficient  for  the 
penetrator  and  target  have  minimal  effect  on  the  shapes  of  Tj  and  and  the  distribution 
of  normal  tractions  on  T,.  The  computed  histories  of  the  stress,  second  invariant  of  the 
strain-rate  temsor,  temperature,  and  the  plastic  spin  for  four  penetrator  and  two  target 
particles  indicate  that  for  the  material  parameters  selected  and  the  three  speeds  considered 
here,  there  is  no  likelihood  of  any  material  instability  developing  in  the  sense  that  the 
effective  stress  at  these  material  particles  is  decreasing  while  their  temperatures  and  values 
of  the  second  invariant  /  of  the  strain-rate  tensor  arc  increasing.  Also  no  narrow  layers 
with  sharp  gradients  of  /  were  found  on  either  side  of  V-  for  the  various  cases  studied.  It 
is  very  likely  that  either  the  penetration  speeds  considered  herein  were  not  high  enough 
for  these  effects  to  manifest  themselves  or  the  materials  selected  for  the  penetrator  and  the 
target  were  such  that  no  localization  of  deformation  could  occur  in  regions  surrounding 
r,.  The  peak  values  of  the  plastic  spin  for  the  penetrator  particles  close  to  the  free  surface 
are  nearly  twice  the  peak  values  of  the  second-invariant  /  of  the  strain-rate  tensor  for 
them.  Also  for  the  two  target  particles  close  to  the  target,  penetrator  interface,  peak  values 
of  the  plastic  spin  are  comparable  to  the  peak  values  of  /  for  them.  It  seems  that  plasticity 
theories  which  account  appropriately  for  values  of  the  plastic  spin  comparable  to  the  values 
of  the  strain-rate  tensor  should  be  very  suitable  for  analysing  steady  state  axisymmetric 
problems. 

.^cA:now/rJ(;r^mem3— This  work  was  supported  by  the  U  S.  Army  Research  Office  Contract  DA.AL-')3-89-K*(X)50 
to  the  University  of  Missouri-Rolla.  Most  of  the  computations  were  performed  at  the  University  of  Illinois 
Supercomputer  centre.  We  are  indebted  to  a  referee  for  many  useful  comments. 
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A  STEADY  STATE  AXISYMMETRIC  PENETRATION 
PR  ^^LEM  FOR  RIGID/PERFECTLY  PLASTIC 
MATERIALS 

T.  GOBINATHt  and  R.  C.  BATRA 

Department  of  Mechanical  and  Aerospace  Engineenng  and  Engineering  Mechanics.  University  of 
Missouri-RoUa.  Rolla,  MO  65401-0249,  U.S.A. 

Abstract— The  axisymmetric  deformations  of  an  eroding  long  cylindrical  rod  made  of  a  rigid/perfectly 
plastic  material  penetrating  at  a  uniform  rate  into  a  thick  rigid/pcrfectly  plastic  target  arc  studied  by 
the  finite  element  method.  It  is  assumed  that  the  deformations  appear  steady  to  an  observer  situated 
at  the  stagnation  point  and  moving  with  it,  and  that  the  contact  between  the  target  and  the  pcnctraior 
at  the  common  interface  is  smooth.  It  is  found  that  the  resisting  force  experienced  by  the  penetrator. 
the  shape  of  the  target/penetrator  interface,  and  the  distribution  of  normal  tractions  on  it  depend 
rather  strongly  upon  the  square  of  the  penetration  speed  and  also  upon  the  ratio  of  the  mass  density 
of  the  penetrator  to  that  of  the  target.  In  an  attempt  to  help  establish  desirable  testing  regimes  for 
practical  problems  we  have  also  computed  time  histories  of  the  hydrostatic  pressure,  second  invariant 
of  the  strain-rate  tensor  and  the  spin  for  four  typical  penetrator  and  two  typical  target  particles. 


INTRODUCTION 


We  study  that  phase  of  the  penetration  process  in  which  the  penetrator  and  target  deformations 
appear  steady  to  an  observer  located  at  the  stagnation  point  and  moving  with  it.  This  situation 
occurs  when  a  very  long  cylindrical  rod  strikes  a  rather  huge  target  and  has  penetrated  a  few 
rod  diameters  into  it.  Until  the  time  either  most  of  the  rod  has  been  eroded  or  the  stagnation 
point  reaches  near  the  other  end  of  the  target,  the  penetration  process  can  be  regarded  as  being 
nearly  steady  and  may  constitute  a  significant  part  of  the  total  penetration  process.  For 
moderately  high  striking  speeds,  Tate  [1.  2]  and  Alekseevskii  [3]  modified  the  purely 
hydrodynamic  approach  by  including  the  effects  of  the  material  strengths  of  the  projectile  and 
the  target  and  representing  them  as  some  multiple  of  the  yield  strengths  of  the  co’-responding 
materials.  However,  the  multiplying  factor  was  unresolved  in  the  theories.  I’idsley  [4]  recently 
computed  the  values  of  the  strength  parameters  for  a  copper  rod  penetrating  into  an  aluminum 
target  to  be  2.4  (o//),  and  (-0.7)(c7/.)p  for  the  target  and  the  penetrator,  respectively.  Here  Oh 
equals  the  Hugoniot  elastic  limit  of  the  material.  He  justified  the  negative  value  for  the  rod 
strength  because  of  its  yield  stress  being  lower  than  that  of  the  target. 

The  review  paper  of  Backman  and  Goldsmith  (5j  provides  a  comprehensive  summary  of  the 
work  done  on  ballistic  penetration  until  1977,  and  discusses  various  physical  mechanisms 
involved  in  the  penetration  and  perforation  processes  and  their  engineering  models.  Also 
during  the  last  decade  engineering  models  of  target  penetration  have  been  proposed  by  Ravid 
and  Bodner  [6],  Ravid  et  al.  [7],  and  Forrestal  [8).  Some  of  the  books  on  the  subject  are  by 
Zukas  et  al.  [9],  Blazynski  [10],  Billington  and  Tate  (11],  and  MaCauley  [12]. 

In  previous  studies  [13-19]  Batra  and  his  coworkers  have  analyzed  the  steady  state 
penetration  problem  in  which  either  the  penetrator  or  the  target  was  considered  as  rigid.  Here 
we  study  the  case  when  both  deform  and  their  materials  can  be  modeled  as  rigid/perfectly 
plastic.  As  in  [13-19],  the  contact  between  the  penetrator  and  the  target  at  the  common 
interface  is  assumed  to  be  smooth  and  no  fracture  or  failure  criterion  is  included.  However,  the 
effect  of  the  penetration  speed  and  t»'e  ratio  of  the  mass  densities  of  the  penetrator  and  target 
on  their  deformations  is  investigated.  We  add  that  the  problem  studied  herein  is  more 
challenging  than  those  studied  ear.ier  in  [13-19]  becau.se  of  the  presence  in  it  of  two  a  priori 
unknown  free  surfaces,  one  the  target/penetrator  interface  and  the  other  the  free  surface  of  the 
penetrator  material  flowing  backwards.  Also  the  convective  part  of  the  acceleration  plays  a 
dominant  role  which  requires  the  use  of  either  an  appropriately  graded  mesh  or  the  use  of 
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anificial  viscosity  or  both.  The  kinematic  and  stress  fields  found  herein  should  help  select 
improved  kinematic  fields  in  other  approximate  theories  of  penetration  mechanics  and  also 
check  results  from  simpler  engineering  theories  of  penetration. 

An  other  outstanding  problem  in  penetration  mechanics  is  the  selection  of  the  appropriate 
constitutive  models  for  the  penetrator  and  target  materials.  In  order  to  assess  which  one  of  the 
many  recently  proposed  theories  [20-23]  of  large  deformation  elastq>lasticity  is  appropriate, 
and  also  help  establish  desirable  resting  regimes  for  practical  problems,  we  compute  histories  of 
the  second-invariant  of  the  strain-rate  tensor  and  the  plastic  spin  for  four  penetrator  and  two 
target  particles. 


FORMULATION  OF  THE  PROBLEM 


We  use  the  Eulerian  description  of  motion  and  a  cylindrical  coordinate  system  with  origin  at 
the  stagnation  point  and  moving  with  it  at  a  uniform  speed  v,  to  describe  the  deformations  of 
the  penetrator  and  the  target.  The  positive  z-axis  is  taken  to  point  towards  the  undeformed 
portion  of  the  rod.  Also  we  work  in  terms  of  non-dimensional  variables  indicated  below  by  a 
superimposed  bar. 

d«a/pu?,  p»p/pv;,  a^puj/oo. 

v»v/u„  r^rlro,  (1) 
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A  steady  state  ajiisymmetric  penetration  problem 
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Here  and  below,  a  is  the  Cauchy  stress  tensor,  p  the  hydrostatic  pressure  not  determined  by 
the  deformation  history  because  the  deformations  are  assumed  to  be  isochoric,  v  =  (iv.  i».)  is 
the  velocity  of  a  material  particle,  and  r,y  is  the  radius  of  the  undeformed  cylindrical  portion  of 
the  penetrator.  The  non-dimensional  parameter  or  equals  the  magnitude  of  the  inertia  forces 
relative  to  the  flow  stress  of  the  material.  When  non-dimensionalizing  a  quantity  for  the 
penetrator  and  the  target,  the  value  of  the  corresponding  material  parameter  is  used  in 
equation  (I).  An  advantage  of  the  non-dimensionalization  (1)  is  that  the  equations  governing 
the  deformations  of  the  penetrator  and  target  look  alike.  Hereafter  we  use  only  non- 
dimensional  variables  and  drop  the  superimposed  bars.  The  governing  equations  can  be  written 
as 


div  V  =*  0. 

C-i) 

divo=s  (v  •  grad)v. 

(2.2) 

or=*  -pi  ^/D. 

^  aV3 

(2-3) 

2D  =  grad  v  +  (grad  v)^, 

(2.4) 

2/-  =  tr(D-). 

(2.5) 

Equation  (2.1)  e.xpresses  the  balance  of  mass,  (2.2)  the  balance  of  linear  momentum,  and 
equation  (2.3)  is  the  constitutive  relation  for  the  penetrator  and  target  materials.  Recall  that 
the  value  of  a  will  be  different  for  them.  D.  given  by  equation  (2.4).  is  the  strain-rate  tensor 
and  its  second  invariant  is  denoted  by  /.  Equations  (2.1)  and  the  one  obtained  by  substituting 
(2.3)  into  (2.2)  are  the  field  equations  to  be  solved  for  p  and  v  under  the  appropriate  boundary 
conditions. 

A  numerical  solution  of  the  problem  usually  necessitates  that  we  consider  only  a  finite  region 
which  for  the  Eulerian  description  of  motion  is  also  referred  to  as  the  control  volume.  The 
finite  regions  for  the  penetrator  and  target  studied  are  depicted  in  Fig.  I,  which  also  shows  its 
finite  clement  discretization.  In  the  dark  regions,  a  very  fine  finite  element  mesh  is  used.  For 


the  boundary  conditions,  we  take 

t*(<m)  =  0  on  r„  (3.1) 

ifa,n=»(p^/p,)n‘0^n  on  F,,  (3.2) 

v-n  =  0  on  r„  (3.3) 

<fn*0  on  T/.  (3.4) 

V  •  n  =  0  on  F/,  (3.5) 

art  *  0,  u,  =»  0  on  the  axis  of  symmetry  ABC,  (3.6) 

u,  =■  1,  V,  =  0  on  the  boundary  surfaces  CD  and  D£f,  (3.7) 

a.,  =0.  L',  =0  on  FG,  (3.8) 

u,  «  i*,,  ar:  -  0  on  the  outlet  surface  ON,  (3.9) 

Vg  *  -(Up  -  1).  i'.  =  0  on  the  inlet  surface  AJ.  (3. 10) 


Here  F,  is  the  target/penetrator  interface  BG,  and  F/  is  the  free  surface  JIH  of  the  deformed 
penetrator.  The  condition  (3.1)  expresses  the  assumption  that  the  contact  between  the 
penetrator  and  target  is  frictionlcss,  therefore,  the  tangential  tractions  there  vanish.  This  seems 
reasonable  since  a  thin  layer  of  the  material  at  the  interface  either  melts  or  is  severely  degraded 
by  adiabatic  shear.  The  boundary  condition  (3.2)  states  that  the  normal  tractions  across  the 
common  interface  F,  are  continuous,  and  equation  (3.3)  implies  that  F,  is  a  streamline.  If  F, 
were  known,  then  either  (3.2)  or  (3.3)  is  required.  Here  we  use  (3.2)  to  verify  that  the  assumed 
shape  of  F,  is  reasonably  correct  as  discussed  in  the  next  section.  The  boundary  condition  (3.4) 
asserts  that  F/is  a  free  surface,  and  equation  (3.5)  implies  that  it  is  a  streamline.  Equation  (3.5) 
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is  used  to  ensure  that  the  assumed  shape  of  T/  is  close  to  the  actual  one.  The  boundary 
condition  (3.6)  follows  from  the  assumption  that  the  deformations  are  axisymmetric.  Since  the 
distances  of  CD  and  DF  from  exceed  30  Tq,  and  significant  target  deformations  occur  in  the 
target  region  distance  at  most  2ro  from  F,,  it  is  reasonable  to  assume  that  target  particles  on  the 
bounding  surfaces  CD  and  DF  do  not  deform.  If  the  surfaces  FG  and  GH  were  situated  at 
infinite  distances  from  the  stagnation  point  B,  then  the  boundary  conditions  (3.8)  and  (3.9)  on 
them  will  hold  exactly.  Since  these  surfaces  are  situated  at  a  distance  of  nearly  Ir^  from  B,  the 
boundary'  conditions  (3.8)  and  (3.9)  are  good  approximations.  The  value  of  u,  in  equation 
(3.9)  is  estimated  by  using  the  balance  of  mass  for  the  penetrator  region.  The  boundary 
condition  (3.10)  states  that  the  end  AJ  of  the  rod  has  not  deformed  and  is  moving  downward 
with  a  uniform  speed.  For  an  assigned  value  of  Vp  is  estimated  from  the  relation  [1] 


where  Yp  and  Rt  represent  strength  parameters  for  the  penetrator  and  target  materials.  In  his 
1967  paper  Tate  [1]  found  /?,  =  3.5(0//),  and  in  a  recent  paper  [24]  he  gave  Yp^l.lo^p, 
Ft  ™  Oq,(2IZ  +  ln(0.57£,/(7o,)),  where  E,  is  Young’s  modulus  for  the  target  material.  Batra  and 
Chen  [25]  used  a  semianalytical  method  to  analyze  the  steady  state  axisymmetric  deformations 
of  a  viscoplastic  target  being  penetrated  by  a  rigid  hemispherical  nosed  penetrator  and  found 
that 


R,  =  9.43ao,. 

In  terms  of  dimensional  variables,  we  need  to  know  (R,  -  Yp)  rather  than  the  values  of  R,  and 
Yp  to  find  Vp  from  equation  (4). 


/ 

/ 
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COMPUTATIONAL  CONSIDERATIONS 

The  aforestated  problem  was  solved  by  the  following  iterative  technique.  Assume  F,  and  Tf. 
'i  nen  the  regions  Rp  (shown  in  Fig.  1  by  the  closed  curve  ABGHIJA)  and  R,  (shwn  in  Fig.  I  by 
the  closed  curve  BCDEFGB)  occupied,  respectively,  by  the  deformating  penetrator  and  target 
material  are  well  defined.  The  governing  equations  (2)  under  the  boundary  conditions  (3.1), 
(3.3),  (3.4),  (3.6),  (3.9),  and  (3.10)  are  solved  to  find  the  fields  of  (v,p)  for  the  penetrator,  and 
equations  (2)  under  the  boundary  conditions  (3.1),  (3.3),  (3.6),  (3.7),  and  (3.8)  are  solved  to 
find  the  fields  of  (v,p)  for  the  target.  The  boundary  conditions  (3.2)  and  (3.5)  are  used  to 
verify  that  the  assumed  F,  and  F^are  reasonably  correct.  We  first  adjust  T/,  and  then  F,  always 
ensuring  that  F/  is  still  correct  and,  if  necessary,  F/  is  readjusted.  During  the  modification  of  F,, 
nodes  on  it  are  moved  in  a  direction  perpendicular  to  F<  by  an  amount  proportional  to 
(/?~/r)-  Here  /J  and  /,"  equal,  respectively,  the  normal  force  on  a  penetrator  and  target 
particle  on  F^. 

The  algorithm  developed  by  Batra  and  Lin  [16]  to  adjust  F^  was  modified  to  increase  its 
efficiency  and  has  been  described  by  Gobinath  and  Batra  [26].  After  new  shapes  of  F,  and  F^ 
have  been  determined,  a  check  is  made  to  ensure  that  the  elements  adjoining  these  surfaces 
have  not  been  severely  distorted.  If  necessary,  a  new  mesh  is  generated  by  solving  on  Rp  and  /?, 
the  Laplace  equation  V^<p  »  0  under  the  essential  boundary  conditions  (p  =»  r  and  <p  ~  z.  The 
intersection  of  the  equipotential  curves  gives  the  new  location  of  the  nodes. 

We  used  9-noded  quadrilateral  macroelements  each  of  which  was  divided  into  four  4-noded 
quadrilateral  elements  called  microelements.  In  each  micro-element  the  velocity  field  was 
assumed  to  be  bilinear  and  pressure  constant.  The  variables  corresponding  to  the  central  node 
were  eliminated  prior  to  the  assembly  of  the  global  stiffness  matrix.  An  artificial  viscosity  v 
given  by  [27] 

v  =  v,  +  v„  (5.1) 

V,  =  Mcoth  Vi  -  l/v,)/2,  (5.2) 

=  ^,(coth  v,  -  1/v2)/2,  (5.3) 

v,-V3uyi./7a.  vj  -  V3  (5.4) 
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was  added  to  al\3I  in  equation  (2.3),  In  these  equations  and  h,  equal,  respectively,  the 
largest  distances  in  the  r  and  r  directions  between  the  midpoints  of  the  sides  of  a  quadrilateral, 
and  the  superscript  c  denotes  that  the  quantity  is  evaluated  at  the  centroid  of  an  element. 
Brooks  and  Hughes  [27]  have  shown  that  adding  artificial  viscosity  is  equivalent  to  using  the 
Petrov-Galerkin  approximation  of  equations  (2.2)-(2.5). 


DISCUSSION  OF  RESULTS 

Recalling  that  the  governing  equations  for  the  velocity  field  are  nonlinear,  the  solution  was 
assumed  to  have  converged  when,  at  each  nodal  point,  the  value  of  the  speed  computed  during 
two  successive  iterations  differed  by  no  more  than  5^c.  The  convergence  criterion  used  for  the 
free  surface  Tf  was  that  at  each  node  point  on  |v  •  /i|  <  u.lj2.  and  that  for  F, 

i/;-/ri^o.o25[i/;i  +  i/ri],  (6) 

at  each  node  point  on  it.  These  convergence  criteria  are  stronger  than  the  global  norms  of 
errors  sometimes  employed. 

Results  for  different  speeds  of  penetration 
We  set 

=  p,  =  ISOO  kg/m-\  =  350  MPa,  o,,,  =  114.3  MPa,  (7) 

and  compute  results  for  u,  =  400m/s,  500  m/s  and  6()0m/s.  The  corresponding  values  of 
(ap,  a,)  are  (3.57,10.92),  (5.57,17.06).  and  (8.02.  24.57),  respectively.  Values  of  Vp,  as 
computed  from  equation  (4),  with  R,-Yp-  164.35  MPa,  equal  850  m/s,  1041  m/s  and  1234  m/s 
for  the  three  values  of  v,  considered  herein.  Since  a,  =*3ar^.  the  inertia  forces  play  a  more 
dominant  role  for  the  target  deformations  as  compared  to  that  for  the  deformations  of  the 
penctrator.  Figure  2  depicts  the  shapes  of  the  free  surface  F;  and  the  target/penetrator 
interface  F/  for  these  three  values  of  i»,.  In  these  plots  the  ordinate  is  the  vertical  distance  from 
the  bottom-mosi  surface  CD  of  the  target  region  studied  in  order  to  decipher  the  vertical 
movement  of  F/  and  F,.  When  plotting  F/,  the  horizontal  scale  has  been  enlarged  enormously  to 
magnify  the  small  differences  in  the  shapes  of  the  free  surface  for  the  three  values  of  i',.  The 


Fig.  2.  Shapes  of  the  free  surface  of  the  deformed  penctrator  and  the  target/penetrator  interface  for 

three  different  speeds 


/ 
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shapes  of  F,  in  the  vicinity  of  the  stagnation  point  seem  to  be  independent  of  v,.  A  least  squares 
fit  to  the  curve  for  Vj  =*  ^  m/s  has  the  equation 


(2  - 1.05)^ 

2.061'  1.05'  “  ^ 


(8) 


It  is  interesting  to  note  that  Tate  [28]  found  the  equation  of  the  bottom  surface  of  F,  to  be 


(1.155fl)' 

A  possible  reason  for  the  difference  in  the  value  of  the  coefficient  for  the  first  term  is  the  lower 
value  of  u,  considered  here. 

The  mean  normal  tractions  at  the  common  interface  F,  for  the  three  values  of  r,  are  plotted 
in  Fig.  3.  Also  shown  in  the  figure  is  a  least  squares  fit  to  the  data  points  (/^,  a,)  where  Fa  is  the 
non-dimensional  axial  resisting  force  experienced  by  the  penctrator;  the  corresponding 
dimensional  force  equals  (;rroaop)FL-  It  was  found  that  the  quadratic  curve 

F.  =»  5.323  +  1. 101a,  +  0.031a;,  10.92  :s  a,  s  24.57,  (9) 

provided  a  better  fit  to  the  computed  data  than  a  straight  line.  Batra  and  Lin  [16]  who  studied 
the  deformations  of  a  rigid/perfectly  plastic  cylindrical  rod  upset  at  the  bottom  of  a  rigid  cavity 
2=0.04r^  found  = -2.2  2.15ap,  1.8i^apS6.  In  each  of  these  cases,  the  values  of  Fa 

depend  rather  noticeably  upon  a,  and/or  a^.  The  normal  tractions  on  F,  increase  significantly 
with  an  increase  in  u,.  The  general  shapes  of  these  curves  especially  near  the  stagnation  point 
do  not  vary,  and  they  are  shifted  upwards  with  an  increase  in  u,.  For  values  of  the 
non-dimensional  arc  length  exceeding  2,  the  normal  tractions  on  F,  become  exceedingly  small. 
At  the  stagnation  point,  the  normal  traction  on  F,  equals  (-o„),  and  since  uniaxial  strain 
conditions  prevail  on  the  axial  line,  =■  (a.^ -»-/?)  equals  (2/3ao)  there.  For  penetrator  and 
target  particles  on  the  axial  line  and  situated  within  2ro  of  the  stagnation  point,  computed 
values  of  -2cro/3|  were  less  than  0.02.  Since  » Oo  at  the  stagnation  point,  the 
hydrostatic  pressure  po  there  provides  a  predominant  contribution  to  a„.  The  least  squares  fit 


Fig.  3.  (a)  Distribution  of  the  mean  normal  tractions  on  the  target/oenetraior  interface  for  three 
different  speeds,  (b)  Dependence  of  the  axial  resisting  force  experienced  by  the  penetrator  upon  the 

non-dimensional  number  or,. 
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to  the  data  points  (pop,  a^),  {po,,  a,),  have  the  equations 

Pop  •  (0. 1084  +  O.SS4ap)aQp, 

Po»  *  (4.005  +  0.683flr,)<7o„ 

for  the  penetrator  and  the  target  respectively. 

Recalling  that  equations, 

^  ppiVp  -  u,)^  +  y;  »  “  PrV^s  +  (1 1) 

proposed  by  Alekseevskii  [3]  and  Tate  [1],  wnere  Yp  and  R,  equal  the  resistive  pressure  terms 
due  to  the  strength  of  the  material,  is  the  value  of  at  the  stagnation  point  B,  and 
quantities  are  dimensional,  hold  on  the  axial  line  we  can  find  the  values  of  R,  and  Yp.  The 
computed  values  of  R,  and  Yp  for  the  three  penetration  speeds  studied  are  listed  in  Table  1. 


Table  1 


V, 

Y, 

(mh) 

400 

6.19 

1.553 

500 

8.46 

2.293 

600 

10.29 

2.89 

(10.1) 

(10.2) 


We  should  caution  the  reader  that  equations  (10.1)  and  (10.2)  were  obtained  by  a  least 
squares  fit  to  the  data.  Substitution  from  (10.1)  and  (10.2)  into  (11)  and  setting  (j,.),  =*  2/3aop 
or  2/3ao,  may  yield  values  of  Yp  and  R.  that  are  slightly  different  from  those  listed  in  the  table. 

Results  for  different  ratios  of  mass  densities 

In  Fig.  4(a)  are  plotted  the  shapes  of  the  free  surface  of  the  deformed  penetrator  and  of  the 
target/pcnetrator  interface  for  pjpp  »  1.25,  1.0  and  0.75.  The  ordinate  is  the  vertical  distance 
from  the  bottom  surface  CD  of  the  target  region  considered.  In  these  computations  pp  was  kept 
fixed  and  u,  was  set  equal  to  500  m/s.  For  pJPp  *  0.75,  the  bottom  portion  of  the  free  surface 
is  slightly  above  that  for  pJpp  »  1.0,  and  for  p,lpp  *  1.25,  the  bottom  part  of  the  free  surface 
moves  a  little  below  that  for  pJpp  *  1.0.  The  curvature  of  the  free  surface  where  the  flow  turns 
upwards  also  seems  to  depend  on  ptlpp>  The  stagnation  point  does  not  move  much  when  p,  fPp 
is  changed  from  1.00  to  0.75  implying  thereby  that  the  thickness  of  the  deforming  penetrator 
material  between  the  target/penetrator  interface  and  the  free  surface  of  the  deformed 
penetrator,  especially  near  the  axial  line,  is  larger  for  p,/pp»0.75  as  compared  to  that  for 
Ptipp  =*  1.0.  When  pJpp  is  changed  from  1.0  to  1.25,  both  the  stagnation  point  and  the  bottom 
part  of  the  free  surface  Tf  move  lower  and  since  the  former  moves  by  a  larger  distance,  the 
thicknes.s  of  the  deforming  penetrator  material  between  T/  and  Tf  increases  again.  The  normal 
tractions  on  T/,  plotted  in  Fig.  4(b),  reveal  that  the  largest  normal  tractions  occur  for 
p,!pp^l.25  and  least  for  pJpp^^O.lS  and  the  change  seems  to  depend  continuously  upon 
ptIPp.  Thus,  for  the  same  penetrator  material,  the  pressure  at  the  stagnation  point  will  increase 
with  an  increase  in  the  mass  density  of  the  target;  and  for  a  given  target,  higher  density 
penetrators  would  result  in  smaller  values  of  the  pressure  at  the  stagnation  point. 

Values  of  R,  and  Yp,  computed  by  using  equation  (11)  and  u,  »  600  m/s,  for  different  values 
of  pJpp  are  listed  in  Table  2. 

We  note  that  Pidsley  [4]  found  for  p,/p^» 0.313,  R,^2A{a„)t  and  = -0.7(cr«)p.  For 
many  materials  the  Hugoniot  elastic  limit  equais  approximately  1.6  times  the  yield  strength  in  a 
quasistatic  simple  compression  test  [1]. 

Results  for  a  fixed  value  ofVj 

The  contours  of  the  non-dimensional  hydrostatic  pressure  for  u,  =•  600  m/s  are  shown  in  Fig. 
5.  These  values  ought  to  be  multipled  by  8.02  and  24.57  for  the  penetrator  and  target  to  obtain 
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values  of  p  as  a  multiple  of  corresponding  Oq.  Thus  equals  7.3aop  in  the  penetrator  and 
20.8c7o,  in  the  target  for  ap=»8.02  and  a,  =»  24.57.  We  note  that  for  the  hemispherical  nosed 
rigid  penetrator  and  a  rigid/ perfectly  plastic  target  Batra  and  Wright  [13]  computed  to  be 
8.0ao,  for  a,  =■  6. 15  and  Batra  and  Lin  [19]  found  =»  3aop  for  ap^  5.1  for  a  rigid/perfectly 
plastic  cylindrical  rod  striking  a  rigid  cavity.  The  variation  of  the  hydrostatic  pressure  on  the 
axial  line,  also  depicted  in  Fig.  5,  reveals  that  the  pressure  decays  quickly  in  the  penetrator  and 
rather  slowly  in  the  target  as  we  move  away  from  the  stagnation  point.  The  distributions  of  I  in 
the  deforming  penetrator  and  target  regions  are  shown  in  Fig.  6.  Also  plotted  in  this  figure  is 
the  variation  of  /  on  the  axial  line.  These  plots  reveal  that  significant  deformations  of  the 
penetrator  occur  within  the  hemispherical  region  of  radius  nearly  2.0  and  centered  at  the 
stagnation  point.  The  values  of  I  near  the  stagnation  point  are  quite  high  in  the  penetrator  and 
target  regions.  As  for  the  values  of  p,  the  value  of  I  on  the  axial  line  also  drops  quickly  in  the 
penetrator  and  slowly  in  the  target  as  we  move  away  from  the  stagnation  point. 

In  order  to  see  whether  or  not  sharp  gradients  of  7  occur  across  the  target/penetrator 
interface  F,,  we  have  plotted  in  Fig.  7  the  variation  of  I  along  three  arbitrarily  selected  lines 
LAf,  PQ  and  PS.  The  abscissa  in  these  figures  is  the  distance  from  F,  of  a  point  along  the  line 


I 

i 


I 

I 


Fig.  5.  Contours  of  non-dimensional  hydrostatic  pressure  for  u,  -  600  m/s. 
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Fig.  6.  Distribution  of  the  second-invariant  of  the  strain-rate  tensor  in  the  defotming  penetrator  and 
target  regions  and  also  on  the  axial  line  for  t/, «  600  m/s. 


considered.  In  each  case  /  is  discontinuous  across  r<.  On  line  LMy  /  for  the  target  particle 
abutting  r<  is  higher  than  that  for  the  corresponding  penetrator  particle  but  the  opposite  holds 
for  points  on  lines  PQ  and  PS.  For  points  on  PQ  and  PSy  sharp  gradients  of  /  develop  in  the 
penetrator  region  whereas  for  points  on  LM,  /  varies  sharply  for  points  on  the  target  side.  The 
value  of  /  al  point  P  where  the  penetrator  particles  undergo  a  change  in  the  flow  direction  is 
considerably  higher  than  that  for  the  penetrator  particles  on  line  PQ  and  PS.  Since  the 
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Fig.  7.  Variation  of  the  second  invariant  of  the  strain-rate  tensor  on  three  arbitrary  selected  lines  for 

V,  *  500  m/s. 

tangential  velocity  of  target  and  penetrator  particles  abutting  fi  are  nearly  the  same,  for  normal 
tractions  to  be  continuous  across  r<,  normal  derivatives  of  v  on  F,  must  be  discontinuous  if 
target  and  penetrator  particles  are  made  of  different  materials.  This  provides  a  justification  for 
the  jump  in  the  value  of  I  as  one  crosses  F,.  Recalling  that  the  hydrostatic  pressure  contributes 
significantly  to  the  normal  tractions,  it  is  not  necessary  that  /  be  sharply  discontinuous  across  H 
for  the  normal  tractions  on  the  two  sides  of  F^  to  match  with  each  other. 

Histories  of  field  variables 

An  outstanding  problem  in  mechanics  is  the  choice  of  the  most  appropriate  constitutive 
model  for  the  problem  at  hand.  In  general,  the  solution  of  a  boundary-value  problem  depends 
strongly  upon  the  constitutive  model  used.  In  order  to  determine  which  one  of  the  many 
recently  proposed  theories  [20-23]  of  large  deformation  elastoplasticity  is  suitable  for  a 
penetration  problem,  we  compute  histories  of  the  hydrostatic  pressure,  second  invariant  of  the 
strain-rate  tensor  and  the  spin  for  four  penetrator  and  two  target  particles.  These  results  should 
also  help  identify  desirable  testing  regimes  for  practical  problems. 

The  first  step  in  finding  the  histories  of  a  field  variable  is  to  plot  the  streamlines.  Streamlines 
for  four  penetrator  particles  that  once  occupied  the  places  4(0. 10,  5.88),  5(0.15,5.88), 
C(0.90,  5.88)  and  D(0.95,  5.88),  and  two  target  particles  sometime  situated  at  £(0.10,  -3.12) 
and  £(0.15,-3.12)  are  shown  in  Fig.  8.  That  the  streamlines  do  not  intersect  or  merge 
together  is  clear  from  the  blow  up  of  the  region  enclosed  in  the  box.  In  the  discussion  below  we 
refer  to  the  material  particle  that  once  occupied  the  place  A  zij  the  material  particle  A, 

Histories  of  field  variables  for  ^  enctrator  particles  Figure  9  shows,  for  u,  *  500  m/s,  (r,  z) 
coordinates  of  the  four  penetrator  particles  at  different  non-dimensional  times;  the  time  being 
reckoned  from  the  instant  these  particles  occupied  the  aforestated  places,  and  the  non- 
dimensional  time  equals  the  physical  time  multiplied  by  {vjro)-  The  variation  of  the  radial  and 
axial  components  of  the  velocity  of  these  panicles  is  plotted  in  Fig.  10.  Particles  A  and  B, 
initially  near  the  axial  line,  arrive  in  the  vicinity  of  the  stagnation  point  at  time  t  ^  5  when  their 
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axial  velocity  relative  to  that  of  the  stagnation  point  becomes  zero.  The  radial  velocity  of  these 
particles  gradually  increases*  becomes  maximum  just  before  they  begin  turning  upwards  at 
r»6.5  and  then  decreases  to  zero  quite  rapidly.  Material  particles  C  and  D  that  were  initially 
close  to  the  free  surface  of  the  penetrator  approach  near  their  bottom-most  positions  at  r  ^  2.6. 
Their  radial  velocity  stays  zero  till  they  are  close  to  their  lowest  positions*  increases  sharply  and 
then  decrea.ses  to  zero  equally  rapidly  too.  In  Fig.  11,  we  have  plotted  histories  of  the  second 
invariant  /  of  the  strain-rate  tensor  and  of  the  plastic  spin.  Because  the  deformations  are 
axisymmetric*  there  is  only  one  non-zero  component  of  total  spin  which  equals  the  plastic  spin 
since  elastic  deformations  have  been  neglected.  The  peak  values  of  7  and  the  plastic  spin  for 
material  particles  C  and  D  are  very  large  as  compared  to  those  for  material  particles  A  and  B, 
For  particles  C  and  D,  the  magnitude  of  the  plastic  spin  is  either  comparable  or  slightly  larger 
than  the  value  of  I,  and  the  peak  values  of  /  and  the  plastic  spin  occur  at  almost  the  same 
instant.  For  these  particles*  7  and  the  plastic  spin  mcrease  or  decrease  in  tandem.  Peak  values 
of  7  at  particles  A  and  B  occur  after  their  axial /Component  of  velocity  has  changed  rign,  i.e. 
they  are  moving  upwards  as  observed  from  the  .stagnation  point.  Whereas  7  for  these  particles 
increases  quite  rapidly  and  stays  large  for  an  extended ^p^od  of  time,  the  magnitude  of  the 
plastic  spin  for  them  increases  slowly  at  first  and  once  these  particle  are  close  to  the  stagnatic 
point*  the  spin  increases  rapidly*  and  subsequently  drops  to  zero^a^ey^a  faster  rate.  The 
histories  of  the  non-dimensional  hydrostatic  pressure  shown  in,Fig^^  reveal  tlyat  for  material 
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Fig.  11.  tiistories  of  the  second  invariant  of  the  strain-rate  tensor  and  the  plastic  spin  for  the  four 

penetrator  particles. 


particles  A  and  B,  is  very  large  as  compared  to  that  for  particles  C  and  D.  This  is  because 
particles  C  and  D  are  close  to  the  traction  free  surface  of  the  penetrator. 

Histories  of  field  variables  for  target  particles.  Figure  13  depicts  the  r*  and  r -coordinates  and 
the  radial  and  axial  components  of  the  velocity  of  the  two  target  particles  E  and  F  at  different 
times.  As  these  particles  approach  the  stagnation  point  z  »  0  at  r  =»  7,  their  radial  velocity  begins 
to  increase  sharply,  becomes  maximum  at  f»7.5  and  6.5,  respectively,  for  £  and  f,  then 
rapidly  decreases  to  zero.  Their  axial  velocity  relative  to  that  of  the  stagnation  point  exhibits 
the  reverse  trend,  i.e.  it  decreases  to  zero  at  f  »4.5  and  then  increases  gradually,  the  rates  of 
decrease  and  increase  of  the  axial  velocity  are  nearly  the  same.  The  histories  of  the  second 
invariant  of  the  strain-rate  tensor  and  the  plastic  spin  for  these  two  particles  are  exhibited  in 
Fig.  14.  Even  though  the  values  of  /  for  these  particles  gradually  increase  till  t  =*  5,  their  plastic 
spin  stays  zero.  At  about  t  5,  both  the  values  of  I  and  of  the  plastic  spin  increase  rapidly.  The 
peak  values  of  the  plastic  spin  for  these  particles  equal  nearly  twice  the  peak  values  of  I  for 
them.  The  plastic  spin  decreases  to  zero  much  faster  than  /.  The  history  of  the  non-dimensional 
hydrostatic  pressure  for  these  particles  is  shown  in  Fig.  12.  Peak  values,  equal  to  14.2ao,,  of  the 
hydrostatic  pressure  at  these  particles  occur  when  they  are  close  to  the  stagnation  point.  Once 
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Fig.  14.  Histories  of  the  second  invariant  of  the  strain-rate  tensor  and  the  plastic  spin  for  the  two 

target  particles. 

these  particles  leave  the  area  surrounding  the  stagnation  point,  the  hydrostatic  pressure 
deaeases  rather  rapidly  to  zero. 


CONCLUSIONS 


We  have  studied  the  penetration  of  a  rigid/pcrfeci!y  plastic  rod  penetrating  into  a  thick 
rigid/perfectly  plastic  target  when  the  deformations  of  both  as  seen  by  an  observer  situated  at 
the  stagnation  point  and  moving  with  it  are  steady.  It  is  found  that  the  shape  of  the  common 
interface  near  the  stagnation  point  is  ellipsoidal,  and  significant  deformations  of  the  penetrator 
occur  in  the  hemispherical  region  of  radius  2ro  centered  at  the  stagnation  point;  Tq  being  equal 
to  the  radius  of  the  undeformed  cylindrical  portion  of  the  rod.  The  axial  resisting  force 
experienced  by  the  penetrator  and  the  hydrostatic  pressure  near  the  stagnation  point  depend 
strongly  upon  the  non-dimensional  parameter  a  =  pvVo^  where  p  is  the  mass  density,  v,  the 
speed  of  the  stagnation  point  and  Oq  is  the  yield  stress  of  the  material  in  a  quasistatic  simple 
compression  test.  For  the  three  speeds  considered,  the  crater  radius  was  found  to  vary  from 
10  1.92ro-  The  values  of  the  resistive  strength  parameters  introduced  by  Tate  [2]  and 
Alekseevskii  [3)  depend  upon  the  penetiation  speed  v,  and  also  on  ratio  p,lpp  of  the  mass 
densities.  The  peak  values  of  the  plastic  spin  expcnenced  by  a  penetrator  or  a  target  particle 
either  equal  or  exceed  the  peak  values  of  the  second  invariant  /  of  the  strain-rate  tensor  for  it. 
Thus,  plasticity  theories  which  properly  account  for  the  evolution  of  the  high  plastic  spin  and 
defoimation  induced  anisotropy  ought  to  be  employed  in  the  study  of  penetration  problems. 
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STEADY-STATE  PENETRATION  OF  TRANSVERSELY 
ISOTROPIC  RIGID/PERFECTLY  PLASTIC  TARGETS 

R.  C.  BATiut  and  A.  Adam 

Departineot  of  Mechanical  and  Aerospace  EngiDeeriog  and  Engineeriof  Mechanics, 
University  of  Mitsouii-Rolki.  RoUa,  MO  65401-0249.  U.SA. 

(Rerriprd  11  Decembtr  1990) 

Abetract^Axisyminetnc  defonnations  of  a  transversely  isotropic,  rigid/peifectly  plastic  target  beiog 
penetrated  by  a  long  rigid  cylindrical  rod  with  an  ellipsoidal  nose  have  ben  analyaed.  The  deformations 
of  the  target  appear  steady  to  an  observer  situated  at  the  penetntor  nose  tip.  The  contact  between  the 
target  and  the  penetrator  u  assumed  to  oe  smooth.  Computed  rcsulu  show  that  the  deformation  field 
adjacent  to  the  penetrator  nose  surface  is  significantly  influenced  by  the  nose  shape,  and  the  ratio  of  the 
yield  stress  in  the  axial  direction  to  that  in  the  transverse  direction.  The  axial  icaisttng  force  experience 
by  the  penetrator  is  found  to  depend  strongly  upon  the  nose  shape  and  the  ratio  of  the  yield  stress  in 
the  axial  to  that  in  the  transverse  direction,  but  weakly  upon  the  square  of  the  penetration  speed. 


1.  INTIODlICnON 

For  very  thick  targets,  the  steady-state  portion  of  the 
penetration  process  constitutes  a  significant  part  of 
the  entire  penetration  event.  Accordingly,  a  consider¬ 
able  amount  of  work  has  been  done  in  studying  this 
process.  For  example,  Tate  [1, 2]  and  Aleksemkii  (3} 
have  modified  mr^els  in  which  the  steady  defor¬ 
mations  of  the  target  and  the  penetrator  are  assumed 
to  be  governed  by  purely  hydrodynamic  incompress¬ 
ible  flow  procem  by  incorporating  the  effects  of  the 
material  stren^hs  of  the  target  and  the  penetrator. 
These  strengths  were  assumed  to  be  some  multiple  of 
the  yield  stress  of  the  respective  materials,  the  multi¬ 
plying  factor  has  recently  been  given  by  Tate  [4,  S]  by 
using  a  solenoidal  fluid  model.  Pidsley  Batra 
and  Gobinath  fT),  and  Batra  and  Chen  (8)  have  esti¬ 
mated  these  multiplying  factors  from  tbdr  numerical 
solutions  of  the  problem. 

We  refer  the  reader  to  the  review  articles  of  Back- 
mann  and  Goldsmith  [9],  Wright  and  Frank  (10), 
Anderson  and  Bodner[l]],  and  books  by  Zukas  et 
a/.  [12],  Blazynski[13],  and  Macau)ey(14]  for  a  dis¬ 
cussion  of  various  aspects  of  the  penetration  prob¬ 
lem,  and  for  a  list  of  references  on  the  subject  ^vid 
and  Bodner  [15],  Ravid  et  al.  (16),  ForrestaJ  et  al.  [17], 
and  Batra  and  Chen  [8]  have  proposed  engineering 
models  of  different  complexity. 

The  works  referred  to  above  have  assumed  the 
urget  material  to  be  isotropic.  However,  manufactur¬ 
ing  processes  such  as  rolling  induce  anisotropy  in  the 
material  properties.  For  example,  in  beavily-rolled 
brass,  the  tensile  yield  stress  transverse  to  the  direc¬ 
tion  of  roiling  may  be  as  much  as  ten  percent  greater 
than  that  parallel  to  the  direction  of  rolling  (18]. 
Greater  variations  may  be  obuin«^  by  an  appropri¬ 
ate  combination  of  mechanical  and  heat  treatments. 
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which  produces  a  final  recrystallization  texture  close 
to  that  of  a  single  crystal  (19].  Here  we  assume  the 
urget  material  to  be  transversely  isotropic,  and  study 
the  effect  of  varying  the  yield  stress  in  the  axial 
direction  upon  the  deformation  fields  during  steady- 
suie  penetration  of  the  urget  by  a  rigid  cylindrical 
penetrator.  !t  is  assumed  that  the  degree  of  an¬ 
isotropy,  defined  as  the  ratio  tsf  the  yield  sum  in  the 
axial  direction  to  that  in  the  transverse  direction, 
suys  constant  during  the  deforaution  process.  The 
effect  of  the  speed  of  penetration  as  well  as  the  nose 
shape  on  the  deformations  of  the  target  is  also 
investigated. 

L  rOIMULATION  OF  THt  FtOilZM 

We  use  a  cylindrical  coordinate  system  with  origin 
at  the  center  of  the  penetrator  nose  and  r-axis 
pointing  into  the  urget  We  presume  that  the  defor¬ 
mations  of  the  urget  are  axisymmetric  and  appear 
steady  to  an  observer  situated  at  the  penetrator  nose 
tip  and  moving  with  it  at  a  uniform  velocity  Oo**  « 
bring  a  unit  veaor  in  the  direction  of  motion  of  thb* 
rigid  penetrator,  which  we  take  to  be  the  r-axis. 
Equations  governing  the  Urget  deformations  are 

divt-0,  (2.1) 

p(vgt«d)v*div#.  (2.2) 

Here  v  is  the  velocity  of  a  target  particle  relative  to 
the  observer  situated  at  the  penetrator  nose  tip,  p  is 
the  mass  density  for  the  Urget  material,  and  e  is  the 
Cauchy  stress  tensor.  We  neglect  elastic  deformations 
of  the  urget  and  have  assumed  b  (2.1)  that  iu 
deformations  are  isochoric.  Equations  (2.1)  and  (2.2) 
expreu,  respectively,  the  balance  of  mass  and  the 
balance  of  linear  moreemum. 

We  assume  that  the  urget  nuterial  obeys  Hill’s 
yield  criterion  [20],  which  for  transvenely  isotropic 
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fiutenuls  undergoing  axityiranetric  defonnations 
becomes 

ft(»„  -  a.)*  +  (ff.  - 

+W(ff„-<»„)>  +  ZMffL-l.  (2.3) 

where 


peoetrator  and  is  a  reference  stress.  Rewriting  eqns 
(2.1)  and  {22)  in  terms  of  non*dimensioDal  variables, 
dropping  the  superimposed  hats,  and  denoting  the 
gradient  and  divergence  operaton  in  non-dixnen- 
sional  coordinates  by  grad  and  div,  we  obtain  the 
following  equations 

divv-0,  ai2) 


2M  -  (2.4) 

9„  and  d„  are  yield  stresses  in  the  x*  and  r-directions, 
re^MKtively,  and  is  the  shear  yield  stress. 

The  constitutive  relation  for  the  urget  material  can 
be  written  as 


#  m  -pi  .ft. 

(15) 

1 

*£/ 

■3F-I-//  H  F  1 

H  IF^H  F 

F  F  2(£-l-ff)J 

(2.6) 

(2.7) 

Em^FiF^lH), 

(IB) 

(19) 

2D  •  grad  V ->•  (grad  ▼)*■. 

(110) 

In  eqn  (2.S),  «  is  the  Cauchy  streu  tensor,  t  the 
deviatoric  stress  tensor,  and  ^  the  hydrosutic  press¬ 
ure  not  determined  by  the  deformation  history. 
Equations  (2.6)  and  (17)  relate  the  components  of  the 
de^ioric  streu  tensor  to  the  components  of  the 
strain-rate  tensor  D.  Note  that  because  of  the  depen- 
deitce  of  /  upon  I>m,  Ds,  and  D„y  even  s„ 
depends  upon  all  non-zero  components  of  D. 
Equations  (16)-(2.9)  reduce  to  those  for  isotropic 
rigid/perfectly  plastic  materials  if  one  takes 
FmH  m 0.5/91,  M  -  1.5/eJ,  e, being  the  yield  streu 
in  a  quasistatic  simple  tensioo  or  compression  test. 

Equation  (II)  and  the  one  obtained  by  substitut¬ 
ing  from  eqns  (2.6)-(2.I0)  into  eqn  (2.2)  are  the  field 
equations  to  be  solved  for  p  and  v  subject  to  suitable 
boundary  conditions.  Before  stating  these,  we  non- 
dimensionalize  the  variables  u  follows: 


«(vgrad)v- -grad  p -1- div  i,  (2.13) 

where  a  pvlfa^  is  a  non-dimensional  number  and 
measures  the  magnitude  of  inertia  forces  relative  to 
the  flow  streu  of  the  material.  At  the 

target/penetrator  interface  we  impose 

t(#a)-.0,  ai4) 

vi-0,  (115) 

where  a  and  t  are,  respectively,  the  unit  outward 
normal  and  the  unit  tangent  vectors  at  a  point  on  the 
surface.  At  points  far  away  from  the  peoetrator 

l?-l-t|-»0  as  (r*-t-x^*'*-*ao,  z  >  —  GO,  (116) 

|#b|-»0  as  z— •— 00.  (2.17) 

The  boundary  condition  (114)  states  that  the 
target/penetrator  interface  is  smooth,  and  (115) 
implies  that  there  is  no  penetration  of  the  target 
material  into  the  peoetrator.  Equation  (116)  implies 
that  target  particles  at  a  large  distance  from  the 
peoetrator  appear  to  be  moving  at  a  uniform  speed 
with  respect  to  it,  and  eqn  (117)  states  that  far  to  the 
rear  the  traction  field  vanishes.  Note  that  the  govern¬ 
ing  eqns  (2.13)  with  •  given  by  (16)  and  (2.7)  art 
nonlinear  in  ▼,  and  that  a  solution  of  the  boundary- 
value  problem  suted  above,  if  there  csosts  one,  will 
depend  on  the  rate  at  which  quantities  in  (116)  tod 
(117)  tend  to  zero.  Since  the  problem  is  di£Bcult  to 
solve  analytically,  we  seek  an  approximate  soludon  of 
the  problem  by  the  finite  element  method,  v 


1  mm  CLEMENT  SOLUTION  OE  THE  ROBLCM 
3.1.  Computatiofta!  consUkratiora 

Recalling  that  the  target  deformations  are  auumed 
to  be  axisymmetric,  only  the  finite  region  R  shown  in 
Fif  .  I  is  sttKlied,  and  the  botmdary  conditions  (116) 
and  (2.17)  are  replaced  by  the  following 


’  f  m  f /r„  i  «  z/r„ 

fimp/e,,  %mt/9,,  (111) 

Here  is  the  radius  of  the  cylindrical  portion  of  the 


a,- -1.0,  v,mO, 

on  the  boundary  surface  EFA,  (3.1) 

»,-0, 

on  the  bottom  surface  Afi.  (3.2) 
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Oo  tbt  axil  of  symmetry  DE,  we  impose 

tf^-0,  c,-0.  (3.3) 


3.2.  Rendts  for  the  tramera^  isottcfric  target 

We  have  assigned  the  foSowing  values  to  various 
variables  when  computing  aomerica)  resulu  that  are 
piesented  below 

p-7M0k|/m*.  f,«2.54mm.  (3.4) 


The  effect  of  varying  and  the  penetrator  nose 
shape  is  analyzed.  The  value  of  d„  U  computed  from 


(3.5) 


Except  when  discussing  the  effect  of  the  nose  shape 


•l(b) 


A  finite  element  solution  of  the  problem  defined  by 
eqns  (2. 12)  and  (2. 1 3)  with  a  given  b>  non«din>ension* 
alized  versions  of  (2.6>-<(2.10),  and  boundary  con> 
ditions  (2.14),  (2.15),  and  (3.1)-<3.3)  has  been  found 
for  several  values  of  a,  and  penetrator 

nose  shapes.  The  finite  element  code  developed  by 
Batra  [21]  was  modified  to  solve  the  present  problem. 
The  changes  made  were  checked  by  solving  the  same 
penetration  problem  for  an  isotropic  target  with  the 
modified  code  by  setting  F  <■  H  «  0.5,  and  M  •  1.5, 
and  with  the  original  code.  Since  io  the  numerical 
solution  of  the  problem,  eqn  (2. 1 2)  is  only  approxi* 
mately  satisfied,  the  two  sets  of  results  for  the  same 
problem  computed  with  the  original  code  and  the 
modified  code,  as  shown  in  Fig.  2.  agree  qualitatively, 
but  differ  quantitatively  by  about  ten  percent  We 
have  used  the  method  of  Lagrange  multipliers  to 
satisfy  the  incompressibility  constraint  (2.12),  and  the  ' 
boundary  condition  (2.15). 


OrtematcoesCBl 


Fig.  2.  Coopantoo  of  resutts  for  an  isotropic  target  corn* 
puled  with  the  two  codes. 
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Ftf.  3.  EiTwt  of  the  yidd  nresi  is  the  ajuaI  direction  on  the 
distribution  of  the  oonnal  stmt  at  urget  panicles  on  the 
pctwtrator  noee  surface,  a  «  6.23. 


Fif .  5.  Effect  of  the  yield  stress  in  the  axial  direction  on  /. 
and  p,  at  target  particles  on  the  axial  tine,  a  »  6.25. 


on  the  defonnatioQS  of  the  target,  the  penetrator  nose 
is  taken  to  be  hemispherical. 

Figure  3  shows  the  effect  of  the  yield  stress  in  the 
aaial  directkm  on  the  distribution  of  the  normal  stress 
at  target  particles  situated  on  the  penetrator/target 
interface  when  a  «  625.  As  expected,  the  magnitude 
of  the  normal  stress  increases  laith  an  increase  in  the 
value  of  The  range  of  values  of  considered  is 
considerably  more  than  that  likely  to  occur  in  a 
practical  situation.  In  Figure  4,  we  have  plotted  the 
variation  with  dg  of  the  straio*rate  measure  /  and  the 
tangential  speed  at  target  particles  abutting  the 


Fif.  4.  Effect  of  tbt  ykld  strw  ia  the  axial  diractios  on  the 
•traio>rite  measure  /  and  the  tangential  spaad  at  target 
perticlee  on  the  penetrator  noee  surface,  c  •  6J13. 


penetrator  nose  surface  for  a  hemispherical  nosed 
penetrator  and  a  »  6.25.  At  every  urget  particle  on 
the  penetrator  nose  surface,  both  the  tangential  speed 
and  the  strain*rate  measure  /  increase  with  The 
tangential  speed  varies  slowly  with  the  value  of  at 
a  target  ptrticle  on  the  penetrator  nose  periphery. 
The  dependence  of  /,  and  the  axial  velocity  at 
target  particles  on  the  axial  line  upon  the  yield  stress 
itt  i*  depicted  in  Fig.  S.  The  rate  of  decay  of  the  axial 
velocity  as  seen  by  an  observer  moving  with  the 
penetrator  nose  tip  decreases  with  an  increase  in  the 
value  of  d^.  We  note  that  the  values  of  /  and  the 
absolute  axial  velocity  become  zero  at  target  particles 
on'the  axial  tine  whose  disunce  from  the  penetrator 
nose  tip  exceeds  3r».  Thus,  the  region  studied  is 
adequate.  The  values  of  e„  do  not  decay  to  zero,  but 
approach  the  value  of  p  as  we  move  away  from  the 
penetrator  nose  surface.  We  recall  that  we  have 
neglected  elastic  deformations  of  the  target,. and  the 
hydrostatic  pressure  does  not  influence  the  frielding 
of  the  material.  The  consideration  of  elastic 
deformations  should  give  a  better  estimate  of  the 
hydrotutic  preuure  at  a  point. 

The  distributions  of  normal  stress  and  the 
straio*rtte  measur:  /  at  target  particles  adjoining  the 
target/penetrator  interface  for  four  different  nose 
shapes,  i.e.  rjr^  m  0.2, 0.S,  1.0,  and  2.0,  are  shown  in 
Fig.  6.  Here  2r«  and  2r,  equal  the  length  of  the 
principal  axes  in  the  r  and  z  directions,  respectively, 
of  the  penetrator  nose.  The  normal  stress  at  the 
tugnation  point  appears  to  be  the  same  for  all  four 
different  nose  shapes.  The  normal  street  decreases 
rapidly  with  the  angular  position  B  for  a  long  narrow 
nose.  For  the  essentially  blunt  nose,  the  normal  stress 
lUys  virtually  constant  on  the  entire  nose  surfeoe, 
and  rapidly  drops  to  zero  near  the  nose  periphery.  A 
similar  behavior  was  found  by  Batra  for  an  isotropic 
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Ft|.  6.  Distribution  of  the  nonnsJ  strets  and  the  strain-rate 
measure  /  at  target  panicks  on  the  penetrator  nose  surface 
for  four  dilTerent  shapes  of  the  penetrator  nose. 


viscoplastic  pi]  and  an  isotropic  thermoviscoplastk 
target  (22].  For  a  cylindrical  penetrator  with  a  long 
pointed  nose,  the  strain-rate  measure  /  assumes 
highest  values  at  the  sugnation  point,  and  the  values 
of  /  drop  off  sharply  with  the  angular  position  9. 
However,  for  a  blunt  nose,  I  stays  essentially  constant 
at  a  relatively  low  value  on  the  entire  surface  and 
suddenly  shoots  up  near  the  nose  periphery.  Thus, 
very  severe  deformations  of  the  target  occur  at  points 
surrounding  the  stagnation  point  for  a  long  tapered 
nosed  penetrator,  and  near  the  nose  periphery  for  a 
blunt  nosed  penetrator.  The  variation  of  /,  (>  rj,  and 
(—Om)  tt  target  particles  on  the  axial  line  for  four 
different  nose  shapes  is  depicted  in  Fig.  7.  The  value 
of  the  axial  velocity  changes  rather  slowly  for  a  blunt 


nosed  penetrator,  but  quite  rapidly  for  a  long  upered 
nosed  penetrator.  The  differcnoe  in  the  values  of 
( -c„)  at  a  point  on  the  axial  Hnedisum  from  the 
penetrator  nose  tip  is  mainly  due  to  the  different 
limiting  values  of  the  bydrosuiic  pressure  for  the  four 
nose  shapes.  Ideally,  the  pressure  should  decay  to 
zero  at  target  points  far  away  from  the  penentrator 
nose.  However,  the  assumption  that  the  target  ma¬ 
terial  is  rigid/perfectly  plastic  and  the  observation 
that  the  strain-rates  are  extrarnely  small  at  target 
points  whose  disunce  from  llic  penetrator  nose  tip 
exceeds  4ro  suggest  that  the  computed  values  of  p  at 
target  particles  far  away  from  the  penetrator  nose 
surface  are  not  very  rehable. 

In  Fig.  8,  we  have  plotted  for  a  hemisphencal 
nosed  penetrator  and  1-8  the  distribution  of 

the  normal  stress,  /,  and  the  ungential  speed  for 
different  values  of  a.  As  for  an  isotropic  target  [21], 
the  normal  stress  at  target  particles  near  the  nose 
periphery  decreases  with  a.  The  tangential  speed  and 
the  values  of  /  seem  to  be  affected  very  little  by  the 
value  of  GL  At  target  panicks  situated  on  the  axial 
line,  the  values  of  /,  and  r,  do  not  change  much 
when  a  is  increased  from  3.0  to  6,25.  Their  plou  and 
those  for  m  3.6  ate  not  included  in  the  paper. 
We  note  that  results  for  »  3.6  are  qualiutively 
similar  to  those  for  1.8. 

Figure  9  shows  the  variation  of  the  axial  speed  e, 
with  r  on  the  planes  7*0  and  7  *  •*  1 .0  for  the  four 
different  nose  shapes.  These  results  indicate  that  the 
target  material  adjacent  to  the  sides  of  the  penetrator 
appears  to  extrude  rearward  as  a  uniform  block  that 
is  separated  from  the  bulk  of  the  sutionary  target 
material  by  a  narrow  region  with  a  sharp  velocity 
gradient.  This  observation  provides  a  partial  justifica¬ 
tion  for  the  velocity  field  assumed  by  Ravid  and 
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Fii.  8.  Distribution  of  the  norma)  stmt,  /,  and  the  umgen- 
Fi|.  7.  Distribution  of  /,  v, ,  and  e,  tt  target  partidm  on  the  tiai  spend  on  the  penttntor  now  lurfaoe  for  different  vniuct 
axial  yoe  for  four  different  shtpes  of  the  penetrator  com.  of  a. 
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BodoerflS)  in  tbdr  work  involving  urgeu  of  finite 
thicknett,  We  add  that  Batra  and  Wright  [23]  found 
a  sinultr  result  for  the  steady  sute  penetration  of 
isotropic  rigid/perfoctiy  plastic  targeu. 

Thi  axial  resisting  force  F  experienced  by  the 
pcnetrator  it  giveo  by 


oos  4  KD  6liin*  9  +  (rt/f,)*  cot*  OV'*  j  - 
“  (ii«i'«+(r,/f.)>coi'91‘  ' 


(3.f) 


where  the  angle  9  is  defined  in  Fig.  1,  and  (r,  x)  are 
the  coordinates  of  a  point  on  the  penetrator/target 
interface.  The  corresponding  axial  force  in  physical 
units  it  given  by  We  note  that  the  ex> 

pretiton  given  by  Batra  (21)  for  the  axial  force,  except 
for  the  bemispherica]  note  shape,  is  in  error.  The 
dependence  of  the  axial  force  upon  a,  r,/r»,  and  da/ct 
it  exhibited  in  Fig.  10.  For  each  one  of  the  two  values 
of  #a/'i  considered  herein,  F  depends  upon  a  very 
weakly.  However,  F  depends  strongly  upon  r./r,  and 
d./Ctl  ^  resisting  force  is  maximum  for  a  blunt 
noMd  and  least  for  a  upered  noted  penetrator.  F 
increates  rapidly  with  d.  first,  but  slowly  after  da/C| 
exceeds  approximately  1.9. 


4  CONCLUSIONS 

We  have  studied  the  steedy  tute  penetration  of  a 
rigid/perfeetly  plastic  and  transversely  isotropic 
target  being  penetrated  by  a  rigid  cylindrical  pen* 
ctrator  having  an  ellipsoid^  nose.  It  is  found  that  the 


Fif.  10.  Depnderce  of  the  axial  itiistiac  forot  upon 
various  parametm. 


axial  resisting  force  experienced  by  the  penetrator 
depends  strongly  upon  the  penetrator  nose  shape, 
and  also  upon  the  ratio  of  the  yield  stress  in  the  axial 
direction  to  that  in  a  transverse  direction.  The  axial 
resisting  force  depends  rather  weakly  upon  the  square 
of  the  penetration  speed.  Peak  values  of  the  strain* 
rate  measure  /  occur  near  the  tUgnation  point  for  a 
long  tapered  nosed  penetrator,  but  near  the  nose 
periphery  for  a  blunt  nosed  penetrator. 


^ctaou4rdywfiwiti-»This  work  was  supported  by  the  U.S. 
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Steady  stale  penetration  of  elastic  perfectly 
plastic  targets 
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Summary.  Steady  state  axisymmetric  deformations  of  an  elastic  perfectly  plastic  target  being  penetrated  by 
a  fast  moving  rigid  cylindrical  rod  have  been  anal\7ed  by  the  finite  element  method.  The  target  is  assumed  to 
obey  the  von  Mises  yield  criterion  and  the  associated  flow  rule.  Contact  between  target  and  pcnctrator  has 
been  assumed  to  be  smooth,  A  mixed  formulation,  in  which  two  components  of  the  velocity  and  four 
components  of  the  deviatonc  stress  tensor  at  each  node  point,  and  the  hydrostatic  pressure  at  the  centroid  of 
an  clement  are  taken  as  unknowns,  is  employed.  This  should  ci\e  a  better  estimate  of  tractions  acting  on  the 
penctrator  nose,  and  hence  of  the  axial  resisting  force  experienced  by  the  penetr-ator.  The  cITect  of  the 
penetrator  speed,  its  nose  shape  and  the  elasticity  of  the  target  material  on  the  target  deformations,  and  the 
axial  force  expenenced  by  the  penetrator  has  been  studied.  The  consideration  of  elastic  effects  helps  delineate 
the  elastic-plastic  boundary  m  the  target. 


1  Introduction 

An  outstanding  problem  in  penetration  mechanics  is  to  find,  within  reasonable  resources, 
whether  or  not  for  the  given  penetrator  and  target  geometries,  materials,  target  support 
conditions,  penetrator  speed,  and  the  angle  of  attack,  the  target  w  ill  be  perforated  or  not.  If  the 
target  is  perforated,  the  speed  of  the  penetrator  w  hen  it  ejects  out  of  the  target  is  of  interest.  And  if 
the  target  is  not  perforated,  one  will  like  to  know  the  shape  and  size  of  the  hole  made  in  the  target. 
This  problem  has  defied  a  complete  solution  for  many  years.  We  refer  the  reader  to  review  articles 
by  Backman  and  Goldsmith  {11,  Wright  and  Frank  (2).  Anderson  and  Bodner  (3).  and  the  books 
by  Zukas  et  al,  (4],  Blazynski  [5],  and  MaCauley  (6)  for  a  summary  of  the  available  literature  on 
ballistic  penetration.  Awerbuch  (7],  Awcrbuch  and  Bodner  (8).  Ravid  and  Bodner  [9],  Ravid  et  al, 
[10],  Forrestalet  al.  [Ill,  ^nd  Batra  and  Chen  (121  have  proposed  engineering  models  ofdifTcreni 
complexity. 

In  recent  years,  emphasis  has  been  placed  on  kinetic  energy  penetrators.  which  for  terminal 
ballistic  purposes  mav  be  regarded  as  long  metal  rods  travelling  at  high  speeds.  For  impact 
velocities  in  the  range  of  2-  10  km  s.  incompressible  hydrodynamic  flow  equations  can  be  used 
to  describe  adequately  the  impact  and  penetration  phenomena,  because  large  stresses  occurring 
m  hypervelociiy  impact  permit  one  to  neglect  the  rigidity  and  compressibility  of  the  striking 
bodies.  Birkhoff et  al.  [13]  and  Pack  and  Evans  [14]  have  proposed  models  which  require  the  use 
of  the  Bernoulli  equation  or  its  modification  to  describe  the  hypervelocity  impact.  At  ordnance 
velocities  (0.5-2  km  s(.  the  material  strength  becomes  an  important  parameter,  Allen  and 
Rogers  [151  represented  the  miterial  strength  as  a  resistive  pressure.  Aleksecsskii  [16]  and  Tate 
[17],  [18]  have  considered  separate  resistive  pressures  for  the  penetrator  and  the  target  and 
proposed  that  these  equal  some  multiple  of  the  uniaxial  yield  stress  of  the  material.  However,  the 
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multiplying  factor  was  not  specified.  Tate  [19].  [20],  Pidsley  [21].  Batra  and  Gobinath  [22]. 
Gobinath  and  Batra  [23],  and  Baira  and  Chen  [12]  have  estimated  these  multiplying  factors. 
Whereas  Tate  used  a  solenoid  fluid  flow  model  to  simulate  the  steady  state  penetration  process, 
other  investigations  relied  on  a  numerical  solution  of  the  problem. 

We  recall  that  the  one-dimensional  penetration  theories  [15]-“[I8]  ignore  the  lateral  motion, 
plastic  flow  and  the  detailed  dynamic  effects.  In  an  attempt  to  understand  better  these 
appro.ximations,  Batra  and  Wright  [24]  studied  the  problem  of  a  rigid  cylindrical  rod  with 
a  hemispherical  nose  penetrating  into  a  rigid  perfectly  plastic  target.  The  target  deformations  as 
seen  by  an  observer  moving  with  the  penetrator  nose  tip,  were  presumed  to  be  steady. 
Subsequently,  Batra  and  his  co-workers  [25] -[30]  studied  the  effect  of  nose  shape,  strain 
hardening,  strain-rate  hardening  and  thermal  softening  characteristics  of  the  target  material. 
Batra  and  Gobinath  [22]  -  [23]  have  analyzed  the  steady  state  penetration  problem  in  which  both 
the  target  and  the  penetrator  deform. 

When  the  target  material  is  modeled  as  rigid. perfectly  plastic  it  is  likely  that  the  hydrostatic 
pressure  at  target  points  adjoining  the  penetrator  target  interface  is  increased  because  of  the 
rigidity  of  the  surrounding  target  material.  Also,  computations  of  stresses  and  hence  tractions  on 
the  target,  penetrator  interface  from  the  finite  element  solution  in  w-hich  velocities  at  nodal  points 
are  taken  as  unknowns  is  less  accurate  as  compared  to  the  nodal  velocities.  We  alleviate  these 
concerns  here  by  including  the  effect  of  material  elasticity  in  the  problem  formulation,  and  using 
a  mixed  finite  element  formulation  in  which  both  the  nodal  velocities  and  nodal  stresses  arc  taken 
as  unknowns. 


2  Formulation  of  the  problem 

I 

We  use  a  cylindrical  coordinate  system  with  origin  attached  to  the  center  of  the  penetrator  nose, 
moving  with  it  at  a  uniform  speed  Iq.  and  positive  :-axis  pointing  into  the  target,  to  describe  the 
deformations  of  the  target.  These  deformations  appear  to  be  steady  to  an  observer  situated  at  the 
origin  of  this  coordinate  system,  and  are  governed  by  the  following  equations: 


Balance  of  mass:  div  r  -  0. 

(1) 

Balance  of  linear  momentum:  diver  *  f>frgrad)  r. 

(2) 

Constitutive  relations;  <r  »  -pi  +  s. 

(3» 

imZQD-iy), 

(4) 

smZmDiy, 

(5) 

where 

2U--S-. 

(6.1.2) 

i-(r  grad)j  +  sir  -  IFs. 

(') 

2D  *  grad  *  -f  (grad  ri^.  2IF  »  grad  r  -  (grad  ri^. 

(8) 

Equations  (I)  and  i2)  arc  written  in  the  Eulerian  description  of  motion.  The  operators  grad  and 
div  denote  the  gradient  and  divergence  operators  on  fields  defined  in  the  present  configuration. 
In  Eqs.  |l)-(8).  i*  is  the  velocity  of  a  target  particle  relative  to  the  penetrator.  tr  the  Cauchy  stress 
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tensor,  s  its  deviatoric  part,  p  the  hydrostatic  pressure  not  determined  by  the  deformation  history, 
and  an  open  circle  on  s  indicates  the  Jaumann  derivative  defined  by  Eq.  (7)  for  the  steady  stress 
field.  Furthermore,  G  is  the  shear  modulus,  the  plastic  strain-rate,  p  defined  by  Eq.  (6.1)  may  be 
interpreted  as  the  shear  viscosity  of  the  target  material,  <Jo  is  the  yield  stress  in  a  quasistatic  simple 
compression  test,  D  the  strain-rate  tensor  and  W  is  the  spin  tensor.  Equation  (4)  expresses 
Hooke’s  law  written  in  the  rate  form  and  is  based  on  the  tacit  assumption  that  the  strain-rate  has 
additive  decomposition  into  elastic  and  plastic  parts.  We  note  that  Pidsley  [21]  used  the  ordinary 
time  derivative  rather  than  the  Jaumann  rate  in  Eq.  (4).  Equation  (5)  follows  from  the  assumption 
that  the  target  material  obeys  von  Mises  yield  criterion  and  the  associated  flow  rule.  However,  in 
Eqs.  (3) -(5)  we  have  assumed  that  a  material  particle  is  undergoing  elastic  and  plastic 
deformations  simultaneously.  Substitution  from  Eqs.  (5)  and  (7)  into  Eq.  (4)  gives  the  following 
differential  equation  for  s: 

(v  grad)  5  -p  jfF—  IVs  +  {GIp)  s  =  2GD.  (9) 

We  non-dimensionalize  variables  as  follows: 

(T  =  (T/ao ,  s  =  s/Go ,  p  =  p/gq  ,  V  =  v/uq  ,  f  =  rlvo  > 

ro 

=  =  ^lro>  }\  =  rJro,  1=1—, 

Vo 

where  the  superimposed  bar  indicates  the  non-dimensional  variable,  the  pair  (?-,c)  the  cylindrical 
coordinates  of  a  point,  i^o  the  uniform  penetrator  speed,  ro  the  radius  of  the  cylindrical  part  of  the 
penetrator,  and  2ro  and  2r„  equal  the  length  of  the  principal  axes  of  the  ellipsoidal  nose  in  the 
r  and  r  directions,  respectively.  Equations  (1),  (2),  and  (9),  when  written  in  terms  of 


non-dimensional  variables  become 

div  V  =0, 

(11) 

—  grad  p  -P  div  s  —  'j.{v  •  grad)  v, 

(12) 

s  -p  fiy{{v  •  grad)  ^  -p  s  fF  —  IFs)  =  fJD , 

(13) 

where 

QVo~  o'o  j  /?  ^ 

a  =  ,  V  ^ ,  and  fi  = 

<7o  G  2]/3  / 

(14) 

are  non-dimensional  numbers,  and  we  have  dropped  the  superimposed  bars.  Henceforth,  we 
will  use  only  non-dimensional  variables.  Note  that  a  and  7  are  constants  for  the  given  problem, 
but  p  varies  from  point  to  point  in  the  deforming  region.  The  value  of  a  signifies  the  importance 
of  inertia  forces  relative  to  the  flow  stress  of  the  material,  and  that  of  7  gives  the  effect  of 
material  elasticity.  For  most  metals  7  is  of  the  order  of  10“^,  For  a  rigid  perfectly  plastic 
material  7  equals  zero.  The  value  of  the  Weissenberg  number  iPy)  varies  from  10"^  to  10‘^  in 
the  deforming  region. 

We  assume  that  the  target/penetralor  interface  is  smooth,  and  impose  on  it  the  following 
boundary  conditions: 

t  ■  (an)  =  0, 

(15) 

»’•//  =  0 . 

(16) 
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Here  n  and  (  are,  respectively,  a  unit  normal  and  a  unit  tangent  vector  to  the  surface.  Equation 
(15)  implies  that  there  is  no  frictional  force  acting  at  the  contact  surface,  and  the  boundary 
condition  (16)  ensures  that  there  is  no  interpenetration  of  the  target  material  Into  the  penetrator 
and  vice-versa.  A  partial  justification  for  boundary  condition  (15)  is  that  a  thin  layer  of  material 
at  the  interface  either  melts  or  is  severely  degraded  by  adiabatic  shear.  At  points  far  away  from 
the  penetrator,  we  impose 


|v  +  f|->0,  as  (r- -f  1-)^'- -- X  . 

r  >  —  X  , 

(17) 

I(Tn|-»0,  as  X,  r^l 

(18) 

where  c  is  a  unit  vector  in  the  positive  r-direction.  The  boundary  condition  (17)  embodies 
the  assumption  that  target  particles  far  from  the  penetrator  and  not  on  the  bounding  back 
surface  appear  to  be  moving  at  a  uniform  velocity  with  respect  to  it.  Equation  (18)  implies 
that  when  a  target  particle  has  moved  far  to  the  rear  of  the  penetrator,  the  surface  tractions 
on  it  vanish. 

The  problem  formulation  outlined  above  diflers  from  that  studied  earlier  by  Batra  and 
co-workers  [25]  — [30]  because  of  the  consideration  of  elastic  deformations  here.  In  earlier  work 
substitution  for  j  in  Eq.  (12)  resulted  in  non-linear  field  equations  for  v.  Here,  Eq.  (13)  can  not  be 
solved  easily  for  s:  accordingly  we  solve  Eqs.  (1 1)  — (13)  for  /?,  r  and  s.  This  necessitates  that  the 
boundary  conditions  for  stress  components  be  prescribed  at  the  entrance  region.  Shimazaki 
and  Thompson  [31]  have  studied  a  simple  problem  whose  governing  equations  are  similar  to 
Eqs.  (11)  — (13),  and  have  justified  prescribing  p  and  s  at  the  entrance  region. 


3  Finite  element  formulation  of  the  problem 

Unless  we  use  special  infinite  elements,  a  numerical  solution  of  the  problem  requires  that  we 
consider  a  finite  region.  Accordingly,  we  study  deformations  of  the  region  R  shown  in  Fig.  1,  and 
replace  boundary  conditions  (17)  and  (IS)  at  the  far  surfaces  by  the  following  conditions  (19)  and 
(21)  on  the  boundary  surfaces  of  the  finite  region  being  analyzed: 


tv  =0, 

tv  =  -1.0 

on  the  bounding  surface  EFA, 

(19) 

(T,-  -  0, 

t-v  =  0 

on  the  axis  of  symmetry  DE, 

(20) 

cr..  =  0, 

iv-0 

on  the  surface  AB, 

(21) 

Conditions  (20)  follow  from  the  assumed  axisymmetric  nature  of  deformations.  The  validity  of 
replacing  (17)  by  (19).  (IS)  by  (21),  and  the  accuracy  of  the  computed  results  depend  upon  the  size 
of  the  region  R.  Since  Eq.  (13)  can  not  be  solved  explicitly  for  but  is  to  be  solved  simultaneously 
with  Eqs.  (11)  and  (12),  we  need  to  specify  the  state  of  stress  of  the  material  entering  the  control 
volume  (e.g.  see  Shimazaki  and  Thompson  [31]).  Accordingly  we  set 

p  =  0,  Sff  =  0,  Syo  =  0,  5-;  =  0  and  s^.  =  0  on  the  boundary  surface  EFA  .  (22) 

The  first  step  in  analyzing  the  problem  numerically  is  to  obtain  a  weak  formulation  of  the 
problem.  Let  0  and  if/  be  smooth  and  bounded  vector  and  tensor- valued  functions  defined  on  the 
region  R  that  vanish  on  the  surface  EFA,  and  0^  =  0  on  AB  and  DE,  ^  =  0  on  the 

target 'penetrator  interface  BCD.  Also,  let ;/  be  a  bounded,  scalar  valued  function  defined  on  R. 
Taking  the  inner  product  of  both  sides  of  Eqs.  (11),  (12),  and  (13)  with  ?/,  (f)  and  if/,  integrating  the 
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resulting  equations  over  R,  using  the  divergence  theorem,  the  traction  boundary  conditions  (15), 
(19)  and  (20),  and  the  aforestated  boundary  conditions  on  (p  and  \}/,  we  arrive  at  the  following 


equations; 

f  ;/(divv)  dV^  0,  (23) 

I  p(div  4>)  dV—  J  s:(grad  (p  +  (grad  <^)^)  dV  =  a  |  {(v  •  grad)  v]  •  (p  dV,  (24) 

j  ij/'.s  dV=^  li{l)  }f/:  [grad  v  4-  (grad  r)^  dV,  (25) 

s  =  s  py{{v  •  grad)  s  +  slV  —  IF^).  (26) 


Here  and  below  the  integrations  are  over  the  region  R.  The  boundary  value  problem  defined  by 
Eqs.  (11)  — (13),  (15),  (16),  and  (19)  — (22)  is  equivalent  to  the  statement  that  v  and  .s  satisfy  the 
prescribed  essential  boundary  conditions  and  Eqs.  (23)  — (25)  hold  for  every  (p,  \(f  and  ;;  such  that 
grad  <p,  grad  ip,  and  ?/  are  square  integrable  over  R.  and  <p  and  ip  satisfy  the  stated  homogeneous 
essential  boundary  conditions. 

An  approximate  solution  of  Eqs.  (23)— (25)  has  been  obtained  by  using  the  finite  element 
method  (e.g.  see  Hughes  [32]).  In  order  to  preclude  spurious  oscillations  in  the  stress  deviator 
5  and  also  to  improve  upon  the  rate  of  convergence,  we  employed  the  Petrov-Galerkin 
approximation  of  Eq.  (25)  but  Galerkin  approximation  of  Eqs.  (23)  and  (24)  (see  Hughes  [32]). 
The  region  R  is  divided  into  quadrilateral  subregions,  called  finite  elements,  over  each  of  which 
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V  and  s  are  approximated  by  simple  polynomials  defined  in  terms  of  their  values  at  the  four  corner 
nodes.  The  pressure  p  is  assumed  to  be  uniform  over  each  element;  this  value  is  assigned  to  the 
centroid  of  the  element.  The  basis  functions  used  in  the  Petrov-Galerkin  approximation  are  those 
given  by  Brooks  and  Hughes  [33].  The  boundary  condition  (16)  on  target/penetrator  interface 
BCD  is  enforced  by  using  the  method  of  Lagrange  multipliers. 

We  note  that  Eqs.  (23)  — (25)  are  coupled  and  are  nonlinear  in  v.  The  following  iterative 
technique  was  used  to  linearize  them: 


f  //(div  v”)  dK=0,  (27) 

j  p'''(div  0)  dV  —  J  s(v"'“  *):  (grad  (f)  -f  (grad  <^)^)  dV  =  a  f  ((v”'~  ‘  ■  grad)  v"')  ■  tp  dV,  (28) 

j  (^:5  dV+\  dV=  j  jS(r"‘)  iA:[grad  +  (grad  v^-y]  dV,  (29) 

where  m  is  the  iteration  number.  The  iterative  process  was  stopped  when 

^0.01(X  (30.1) 

(I  Ip”'  -  -  g  0.01(1  lp""‘p)'  (30.2) 

(I  \\s"‘  -  r-‘ii^)''=  S  0.01(X  %  (30.3) 


where  =  i\-  +  r'.’.and  ||si|"  =  tr(ss^).  The  summation  sign  refers  to  the  sum  of  the  indicated 
quantity  evaluated  at  all  nodes  in  the  finite  element  mesh.  This  convergence  criterion  is  weaker 
than  the  local  norm  used  by  Batra  and  his  co-workers  [25]  — [30]. 

Having  determined  pressure  p  at  the  centroids  of  elements,  the  pressure  at  node  points  is 
computed  from 

.u 

X  y  NiNj  dV)  pj  dV  =  j  iV,/7  dV,  i  =  1,  2 . A/  (31) 

j  =  i 

where  A/  is  the  number  of  nodes,  and  iVj,  /Yi, ...  are  the  piecewise  bilinear  finite  element  basis 
functions.  We  note  that  Eq.  (31)  also  serves  to  smooth  out  the  pressure  field. 


4  Computation  and  discussion  of  results 

A  computer  code  based  on  Eqs.  (27)— (29)  and  employing  4-noded  quadrilateral  elements  has 
been  developed.  The  two  components  (r„  r.)  of  the  velocity  and  four  components  (5„,  sqo,  V-*  and 
s-_:)  of  the  deviatoric  stress  tensor  are  taken  as  unknowns  at  each  node,  and  the  hydrostatic 
pressure  p  is  assumed  to  be  constant  within  an  element.  The  validity  of  the  computer  code  was 
established  by  solving  the  radial  flow  problem  discussed  by  Shimazaki  and  Thompson  [31],  For 
the  same  finite  element  grid  and  numerical  values  of  parameters  as  those  used  by  Shimazaki  and 
Thompson  [31],  the  two  sets  of  computed  results  plotted  in  Fig.  2  agree  well  with  each  other. 
Another  test  problem  studied  was  a  hypothetical  one  involving  the  flow  of  a  Navier-Stokes  fluid 
in  a  circular  pipe  and  achieving  a  favorable  comparison  between  the  computed  and  analytical 
results;  this  problem  is  discussed  in  the  Appendix. 

In  the  results  presented  below,  the  target  material  was  assumed  to  be  an  aluminium-alloy  for 
which  we  took  <7o  =  340  MPa,  G  —  21  GPa,  and  q  =  2  890kg/m^.  However,  the  results  are 
presented  below  in  terms  of  non-dimensional  numbers  and  are  therefore  valid  for  other 


78 


■iterwJW’ 


16 


R.  Jayachandran  and  R.  C.  Batra 


a  “  2 
a  ■  6 
a  “•  8 
a  -  10 

Fig.  4.  Distribution  of  the  compressive  normal  stress  on  the  penetrator  nose  surface  for  the  three  different 
nose  shapes  and  for  a  =  2.  6.  8,  and  10  when  the  target  material  is  modeled  as  elastic  perfectly  plastic 


combinations  of  target  material  and  penetration  speed.  The  finite  element  subdivision  of  the 
target  region  when  the  penetrator  has  an  ellipsoidal  nose  with  rjro  =  2.0  is  shown  in  Fig.  1.  The 
components  of  the  deviatoric  stress  tensor  and  the  hydrostatic  pressure  were  assigned  to  be  zero 
at  the  entrance  region  EFA. 

Figure  3  depicts  the  effect  of  material  elasticity  (y  =  1.26  x  10~“)  on  the  pressure 
distribution  at  the  nose  surface  for  three  different  nose  shapes  with  =  0.2^  1.0,  and 
2.0,  and  when  yi  was  set  equal  to  10.0.  For  each  nose  shape  the  normal  pressure  on 
the  nose  surface  was  lower  when  material  elasticity  was  accounted  for  than  that  for 
the  rigid  perfectly  plastic  case  (y  =  0).  However,  the  general  shapes  of  the  curves  are 
unaffected  by  the  consideration  of  elastic  effects.  The  normal  stress  at  the  stagnation 
point  is  nearly  the  same  for  the  three  nose  shapes,  but  the  shape  of  the  normal  stress 
versus  angular  position  0  curve  depends  strongly  upon  the  nose  shape.  As  e.xpected, 
for  the  blunt  nose,  the  normal  stress  stays  constant  over  most  of  the  nose  surface,  and 
drops  off  rapidly  to  zero  near  the  nose  periphery.  For  the  hemispherical  nosed  penetrator, 
the  normal  stress  drops  off  nearly  evenly  as  one  moves  away  from  the  center  to  the 
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Fig.  5.  Distribution  of  the  tangential  speed  and  the  strain-rate  measure  I  upon  the  penetrator  nose  surface 
for  three  different  nose  shapes;  =  10 


nose  periphery.  For  the  ellipsoidal  nosed  penetrator  the  normal  stress  drops  ofT  quite 
rapidly  for  ^  0  ^  30®,  and  rather  slowly  for  9  >  30®.  The  curvature  of  the  curve  for 
r„;>o  =  2.0  is  opposite  to  that  of  the  curve  for  r„,ro  =  1.0  or  0.2. 

The  distribution  of  the  compressive  normal  stress  on  the  nose  surface  for  a  =  2.  6, 

8,  and  10  and  when  the  target  material  is  modeled  as  elastic  perfectly  plastic  is  plotted 

in  Fig.  4.  For  each  of  the  three  nose  shapes  considered  the  normal  stress  at  points 

on  the  nose  surface  for  which  0  ^  B  ^  Sc  increases  with  a,  that  at  points  with  9  >  6^. 

decreases  with  a.  The  value  of  9^  equals  approximately  22®,  45®,  and  82®,  for  the  long 
tapered  ellipsoidal  nosed,  hemispherical  nosed  and  the  blunt  nosed  penetrators,  respectively. 
The  normal  stress  at  points  near  the  nose  periphery  was  found  to  be  positive  for  a  >  15 
implying  thereby  that  the  target  particles  tended  to  separate  away  from  the  penetrator. 
However,  for  the  blunt  nosed  penetrator  this  tendency  of  the  target  particles  to  separate 
away  from  the  penetrator  adjacent  to  the  nose  periphery  was  also  observed  at  lower 
values  of  'x. 

The  distribution  of  the  tangential  speed  on  the  penetrator  nose  surface  and  the  strain- 
rate  measure  1  at  the  centroids  of  elements  abutting  the  penetrator  nose  surface  for  the  three 
different  nose  shapes  and  =  10.0  is  shown  in  Fig.  5,  It  is  apparent  that  the  material  elasticity  has 
negligible  effect  on  the  tangential  speed  and  the  strain-rate  measure  /.  For  the  long  tapered  nosed 
penetrator,  the  tangential  speed  increases  very  rapidly  forO  ^  0  <  20®,  attains  the  value  of  1.0  at 
0  ^  30",  and  then  stays  close  to  1.0  for  30®  S  ^  =  90®.  For  the  hemispherical  liosed  penetrator  the 
iangential  speed  increases  gradually  from  0  at  0  =  0®  to  1.0  at  0  60®  and  does  not  vary  much  for 

60'  <  ^  90"*,  The  trend  is  quite  different  for  the  blunt  nosed  penetrator.  In  this  case  the 
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Fig.  6.  Variaiion  of  the  pressure,  strain-rale  measure  I  and  the  j-velocity  on  the  a.xial  line  with  the  distance 
from  the  penctrator  nose  tip 


tangential  speed  increases  slowly  for  S  ^  50\  and  then  very  rapidly.  The  maximum  value  of  the 
tangential  speed  computed  for  the  blunt  nosed  penetrator  is  more  than  that  for  the  other  two 
nose  shapes.  For  the  blunt  nosed  penetrator  the  peak  values  of  the  strain-rate  measure  I  are  an 
order  of  magnitude  higher  than  that  for  the  long  tapered  nosed  penetrator.  Whereas  occurs 
near  the  nose  periphery  for  the  blunt  nosed  penetrator,  peak  values  of  /  for  the  other  two  nose 
shapes  are  realized  at  the  stagnation  point.  Both  for  the  hemispherical  and  the  elliptical  nosed 
penetrator,  /  decreases  slowly  from  its  maximum  value  at  the  nose  center  to  nearly  zero  at  the 
nose  periphery. 

We  have  plotted  the  variation  of  the  hydrostatic  pressure,  strain-rate  measure  /  and  the  axial 
velocity  along  the  axis  of  symmetry  in  Fig.  6.  The  consideration  of  material  elasticity  has  very 
little  effect  on  the  distribution  of  I  and  the  axial  velocity  but  reduces  noticeably  the  value  of  the 
hydrostatic  pressure.  The  value  of  I  at  the  stagnation  point  is  maximum  for  the  ellipsoidal  nosed 
penetrator  and  least  for  the  blunt  nosed  penetrator;  the  former  equals  nearly  twice  the  latter.  It  is 
clear  that  severe  deformations  of  the  target  occur  at  points  situated  at  most  3ro  from  the 
penetrator  nose  surface.  Thus  the  target  region  studied  is  adequate.  The  pressure  drops  off  more 
slowly  when  the  target  material  is  modeled  as  rigid  perfectly  plastic  as  compared  to  the  case  when 
it  is  modeled  as  elastic  perfectly  plastic.  The  general  shapes  of  the  curves  /,  i!.  or  p  versus  the 
distance  from  the  nose  tip  are  unaffected  by  the  penetrator  nose  shape  and  by  the  consideration 
of  material  elasticity. 
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- -  Rlgld/Perfectly  Plastic 

- -  Elascic/Perfectly  Plastic 

Fig.  7.  Dependence  of  the  peak  pressure  at  the  stagnation  point  and  the  axial  resisting  force  experienced  by 
the  penetrator  upon  a 


The  dependence  of  the  peak  pressure  that  occurs  at  the  stagnation  point,  and  of  the  axial 
resisting  force  F  experienced  by  the  penetrator  upon  y.  is  depicted  in  Fig.  7.  The  axial  resisting 
force  F  is  given  by 


F  =  2 


cos  0  sin  [sin"  +  {l/rj"*  cos"  " 

[,in^  e  +  (U,-y7oVW - ‘  • 


(32.1) 


cos  (}}  = 


(32.2) 


where  the  angle  9  is  defined  in  Fig.  1  and  (r,  z)  are  the  coordinates  of  a  point  on  the 
penetrator/target  interface.  The  corresponding  axial  force  in  physical  units  is  given  by  (tt/o'cto)  f- 
For  each  nose  shape,  the  relationships  between  and  y,  and  F  and  y  are  nearly  affine,  and  the 
consideration  of  elastic  effects  lowers  the  value  of  by  about  2,  and  of  F  by  1.8.  The  least 
squares  fit  to  the  computed  data  gives 


Pma\ 

=  6.82  +  0.48a, 

F  =  7.97  +  0.094a. 

rjro  =  0.2 . 

(33.1) 

Pmav 

=  7.20  +  0.48a, 

F  =  1.61  +  0.042a, 

r„;ro  =  1.0, 

(33.2) 

Prna\ 

=  7.26  +  0.48a. 

F  =  7.29  +  0.021a, 

r„;ro  =  2.0, 

(33.3) 
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Fig.  9.  Variation  of  the  deviatoric  stress 
s..  on  the  axial  line 


Distonce  from  the  nose  tip 

—  Rlgld/Petficcly  Plastic 

-  Elastic/Petfeccly  Plastic 


when  the  target  material  is  modeled  as  rigid  perfectly  plastic,  and 


Pmav  ~ 

4.87 -f  0.47a, 

F  =  6.17  +  0.096a, 

rjro  =  0.2, 

(34.1) 

Pmat  ~ 

5.29  +  0.47a, 

F  =  5.90  +  0.038a, 

rjro  =  1.0, 

(34.2) 

Pmi\ 

5.16  + 0.47a, 

F  =  5,32  + 0.019a, 

rJro  =  2.0, 

(34.3) 

when  it  is  taken  to  be  elastic  perfectly  plastic.  We  note  that  the  dependence  of  F  upon  a  is  quite 
weak. 

The  contours  of  the  hydrostatic  pressure  in  the  deforming  target  region  for  the  three  different 
nose  shapes  and  a  =  10  are  depicted  in  Fig,  8.  These  show  that  the  pressure  falls  off  to  zero,  not 
only  on  the  axial  line,  but  also  along  other  radial  lines  as  one  moves  away  from  the  penetrator 
nose  surface.  The  contour  of  the  zero  hydrostatic  pressure  near  the  bounding  surface  is  not 
plotted  in  order  to  focus  on  the  narrow  region  surrounding  the  penelrator/target  interface.  For 
each  one  of  the  three  nose  shapes  examined,  the  pressure  near  the  nose  periphery  drops  off  to 
a  very  small  value.  The  pressure  gradient  at  points  near  the  nose  lip  is  steepest  for  the  ellipsoidal 
nosed  penetrator. 

On  the  axial  line  uniaxial  strain  conditions  prevail  approximately.  Thus  the  magnitude  of  the 
deviatoric  stress  at  a  point  on  the  axial  line  should  equal  (2/3(To)  whenever  the  material  point  is 
deforming  plastically.  For  a  rigid  perfectly  plastic  target  material  and  for  each  nose  shape 
considered,  the  computed  value  of  |s-;l  came  out  to  be  2/3ao  as  shown  in  Fig.  9.  Near  the 
boundary  point  F  of  the  target  region  studied,  \s.:\  rapidly  dropped  to  the  prescribed  zero  value. 
This  rapid  drop  is  not  shown  in  the  figure.  However,  when  the  target  material  is  modeled  as 


85 


R.  Jayachandran  and  R.  C.  Batra 


elastic  perfectly  plastic,  |s--|  equals  (2/3ffo)  for  a  distance  of  3ro  to  4/o  from  the  nose  tip  and  then 
gradually  decreases  to  the  assigned  value  of  zero  at  the  outer  boundary.  The  penetrator  nose 
shape  influences  the  rate  of  decay  of  |s--j;  the  plastic  deformation  progresses  farther  for  the  blunt 
nosed  penetrator  and  |s--|  decays  slowly  for  it  as  compared  to  the  ellipsoidal  nosed  penetrator. 
On  the  axial  line,  the  Bernoulli  equation  in  terms  of  non-dimensional  variables  and  as  modified 
by  Tate  [17],  [18]  is 


1  2 
-  +  i?,  =  -(Tf.,  =  +  - 


(35) 


where  R,  accounts  for  the  strength  of  the  target  material,  and  (xi..  and  are  the  values  of  and 
p  at  the  stagnation  point.  Having  computed  fj..  and  knowing  a,  we  can  find  K,.  For  the  three  nose 
shapes  considered,  the  least  squares  fit  to  the  computed  values  of  Rt  for  different  values  of  x  gives 
the  followina: 


R^  =  7.48  -  0.020X, 

(r„,?o)  =  0.2, 

(36.1) 

R,  =  7.86 -0.01  Sx. 

(/•«ro)=  l.O, 

(36.2) 

R,  =  7.92  -  0.024X, 

(r„;ro)  =  2.0, 

(36.3) 

for  a  rigid  perfectly  plastic  target,  and 

R,  =  5.53  -  0.027x. 

(|■,;ro)  =  0.2, 

(37.1) 

R,  =  5,96  -  0.027x. 

(r„/ro)  =  1.0. 

(37.2) 

R,  =  5.83  -  0.032x. 

(r„,ro)  =  2.0. 

(37.3) 

for  an  elastic  perfectly  plastic  target.  In  either  case  the  dependence  of  R,  upon  x  is  very  weak  and 
this  explains  why  the  assumption  of  constant  R,  in  simpler  theories  of  penetration  gives  good 
results.  Tate  [19]  has  proposed  that 


2  f2E,\ 

3  V3f7o/ 


(38) 


where  E,  is  Young’s  modulus  of  the  target  material.  Thus  for  values  of  G  and  (Tq  taken  herein, 
2  /'2  /3  X  27  X  10^\\ 

which  is  close  to  the  values  computed  for  the  elastic  perfectly  plastic  target.  Recalling  that 
p'  =  Pinax.  d  is  interesting  to  note  that  the  slope  of  the  least  squares  fit  to  the  vs.  y.  data  is  close 
to  0.5  as  it  should  be  if  Eq.  (35)  were  to  hold. 

As  is  transparent  from  Fig.  9  the  stress  state  at  target  particles  far  away  from  the 
target  penetrator  interface  lies  inside  the  surface  defined  by 


tr(^-)  =  y. 


(401 


This  is  certainly  true  of  points  on  the  boundary  surface  EFA  where  s  =  0  is  prescribed.  The 
constitutive  assumptions  (4)  — (6)  tacitly  assume  that  each  target  particle  is  deforming  elastically 
and  plastically.  However,  points  where  il^t!  is  small  are  undergoing  negligible  plastic  deforma- 


86 


rt,*- 


Penetration  of  elastic  perfectly  plastic  targets 


23 


Fig.  10.  Elastic-plastic  boundary  for 
three  different  nose  shapes,  and  =  10 


tions.  Here  we  classify  points  for  which  the  stress  state  satisfies  the  condition  (40)  as  deforming 
plastically  and  those  for  which  the  stress  state  lies  inside  the  surface  (40)  as  deforming  elastically. 
The  elastic  plastic  boundary  computed  by  using  this  criterion  and  obtained  by  joining  points  that 
are  deforming  plastically  by  straight  line  segments  is  depicted  in  Fig.  lO.These  curves  suggest  that 
less  of  the  material  ahead  of  the  penetrator  nose  tip  and  to  the  sides  of  the  rigid  rod  is  deformed 
plastically  for  the  ellipsoidal  nosed  penetrator  as  compared  to  the  other  two  nose  shapes 
considered.  The  distance  of  the  elastic-plastic  boundary  from  the  penetrator  nose  tip  is  found  to 
be  5.4,  6.8,  and  7.7,  respectively,  according  as  the  penetrator  nose  shape  is  ellipsoidal, 
hemispherical  or  blunt.  Tale  [19]  presumed  that  a  material  particle  was  deforming  either 
elastically  or  plastically  and  based  on  his  solenoid  flow  model  he  found  the  a.xial  distance  of  the 
elastic-plastic  boundary  from  the  stagnation  point  to  be  6.71,  which  compares  well  with  our 
computed  values.  The  computed  results,  not  plotted  herein,  show  that  ahead  of  the  penetrator 
the  elastic-plastic  boundary  does  not  advance  much  when  a  is  increased  from  6  to  10  for  the 
hemispherical  and  blunt  nosed  penetrator  but  does  move  appreciably  for  the  ellipsoidal  nosed 
penetrator.  As  soon  as  a  material  particle  goes  past  the  nose  periphery,  stresses  on  it  are  relieved 
and  the  stress  state  for  it  lies  inside  the  surface  defined  by  (40). 

A  measure  of  the  deformation  of  a  material  particle  is  the  value  of  the  effective  strain  s. 
defined  as 


(41) 


at  that  point.  For  a  steady  state  penetration  problem  Tate  [20]  has  described  a  method  to 
compute  different  components  of  the  finite  strain  tensor  from  a  knowledge  of  the  velocity  field. 
He  showed  that  contours  of  the  circumferential  strain  are  approximately  parallel  to  the  crater 
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Fig.  n.  Contours  of  the  efiective  strain  in 
the  deforming  target  region  for  a  blunt 
nosed  penetrator,  and  =  10 


surface  and  that  the  circumferential  strain  at  a  point  distance  a  little  more  than  one  radius  from 
the  crater  tip  equals  5%.  Because  of  the  steady  state  deformations,  we  write  Eq.  (41)  as 


(vgrad)£  =  /  (42) 

and  first  compute  1  from  the  velocity  field,  and  then  find  e  as  a  solution  of  Eq.  (42)  with  the 
boundary  condition  £  =  0  on  EFA.  These  contours  basically  look  alike  for  the  three  nose  shapes, 
and  are  shown  in  Fig.  11  only  for  the  blunt  nosed  penetrator.  The  contours  of  e  suggest  that 
severe  deformations  propagate  farther  to  the  side  than  ahead  of  the  penetrator  nose.  The  peak 
values  of  c  occur  at  target  particles  near  the  target  penetrator  interface  and  equal  100%.  We 
recall  that  no  failure  or  fracture  criterion  is  included  in  our  work.  Thus  a  material  point  can 
undergo  an  unlimited  amount  of  deformation.  As  expected,  the  strain  gradients  are  high  at  points 
near  the  target/penetrator  interface  and  rapidly  decay  as  one  moves  away  from  this  interface. 
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5  Conclusions 

We  have  analyzed  the  steady  state  axisymmetric  deformations  of  an  elastic  perfectly  plastic  target 
being  penetrated  by  a  fast  moving  rigid  cylindrical  rod.  Three  different  nose  shapes,  i.c.. 
ellipsoidal,  hemispherical,  and  blunt  are  considered.  For  each  nose  shape  the  effect  of  the 
penetration  speed  upon  the  deformations  of  the  target  is  investigated.  The  consideration  of 
elastic  effects  necessitates  that  the  problem  be  analyzed  by  using  a  mixed  formulation  in  which 
both  velocities  and  stresses  at  a  node  point  are  taken  as  unknowns. 

The  peak  hydrostatic  pressure  at  the  stagnation  point  is  lower  when  elastic  effects  are 
included  than  when  they  are  not.  Also,  the  axial  resisting  force  experienced  by  the  penetrator  is 
found  to  be  lower  when  the  target  materia!  is  modeled  as  elastic  perfectly  plastic  than  when  it  is 
modeled  as  rigid  perfectly  plastic.  In  cither  case,  the  axial  force  depends  upon  the  non- 
dimensional  parameter  a  very  weakly.  Similarly  the  strength  parameter  appearing  in  the 
modified  Bernoulli  equation  is  found  to  be  essentially  independent  of  2.  and  the  computed  value 
is  close  to  that  given  by  Tate.  For  the  blunt  nosed  penetrator,  plastic  deformations  spread  farther 
ahead  of  the  penetrator  nose  as  well  as  to  its  sides  as  compared  to  those  w  hen  the  penetrator  nose 
is  ellipsoidal  or  hemispherical.  The  distance  of  the  elastic-plastic  boundary  from  the  penetrator 
nose  tip  along  the  axis  of  symmetry  is  found  to  compare  well  with  that  estimated  by  Tate. 


Appendix 

One  of  the  problems  analyzed  in  order  to  establish  the  validity  of  the  finite  element  code 
developed  is  the  following  hypothetical  problem.  Consider  the  (low  of  a  homogeneous  and 
incompressible  Navier-Stokes  fluid  of  unit  mass  density  and  unit  viscosity.  The  flow  is  governed 
by  equations  obtained  from  Eqs.  (ll  through  (8)  when  «>  ■  1.<t„,  |  3/  ■■  2.  omitting  Eq.  141  and 
adding  the  body  force  vector  to  the  left-hand  side  of  Eq,  i2l.  These  equations  have  the  solution 


f, r. --n2-3rj,  p  - 


(All 
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n*.  Ai.  The  finite  element  mcNh  used  for  the  test 
problem 
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Tabic  A  I.  Comparison  of  analytical  and  numerical  solution.  The  gocxl  agreement  between  the  computed 
and  analytical  values  of  r,.  t and  p  establishes  the  validity  of  the  code 


Point 

Analytical  values 

f, 

Computed  values 

1,  r. 

Point 

Analytical 

value 

-P 

Cumpuied 

v;'.luc 

-P 

.V 

0.1875 

0.3125 

O.IS90 

0.3116 

1 

0.312  5 

0.331  I 

P 

0.2500 

0.1250 

0.2504 

0.1250 

-> 

0.3125 

0.3115 

Q 

0,2500 

0.2502 

0.2500 

3 

0.4329 

R 

O.J^'O 

0.250 1 

0.1750 

4 

0.4375 

0.4318 

S 

-0.1875 

0.18"  5 

-0.1875 

5 

T 

0.917  5 

0  18"  6 

0  917  4 

6 

0.6875 

ESQII 

where  tv  and  v.  are.  re.spectively.  the  radial  and  axial  componcnis  of  the  velocity,  and  .c,  and 
g-  equal  the  radial  and  a.xial  componcnis  of  the  body  force  per  unit  mass. 

The  finite  clement  mesh  used  to  compute  the  solution  is  shown  in  Fig.  A  I.  On  surfaces  AB. 
BC.  and  CD.  both  v,  and  f-  as  given  by  Eq.  (A  i)  were  prescribed,  on  the  surface  .4D.  tv  and  the 
normal  traction,  equal  to  c...  were  specified.  In  this  case,  the  specification  of  the  state  of  .stres.s  at 
the  entrance  region  was  not  needed.  In  Table  A  I.  we  have  listed  the  converged  computed  results 
and  the  values  from  the  analytical  solution  (.A  1 1  at  various  points  in  the  domain.  Recall  that  the 
pres.sure  field  is  as-sumed  to  be  constant  within  an  clement :  this  value  is  assigned  to  the  centroid  of 
the  element.  The  pressure  field  at  other  points  is  inteipolated  from  its  values  at  the  centroids  of 
the  elements. 
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Abstract— We  study  thermomechanical  deformations  of  a  thick  elastic-viscoplastic  target  being 
penetrated  by  a  rigid  Icng  cylindrical  rod.  and  assume  that  target  deformations  as  seen  by  an  observer 
situated  at  the  penetrator  nose  tip  are  steady.  We  presume  that  the  target  response  can  Im  adequately 
modeled  by  the  Brown-Kim-Anand  flow  rule.  We  analyze  the  effect  of  different  material  parameters 
on  the  deformations  of  the  target  in  order  to  elucidate  then  relative  importance,  and  hence  enumerate 
more  critical  ones.  We  also  study  the  effect  of  the  penetrator  nose  shape  and  the  penetrator  speed  on 
the  deformations  of  the  target. 


INTRODUCTION 

One  of  the  unresolved  issues  in  penetration  mechanics  as  well  as  in  large  deformation 
eiastoplasticity  is  the  choice  of  an  appropriate  const’.tutive  relation  used  to  model  the  finite 
plastic  deformations  of  a  material.  Many  of  the  recently  proposed  theories  (e.g.  [1-4])  of  large 
deformation  eiastoplasticity  are  based  on  different  kinematic  assumptions  and  necessitate  the 
hypothesizing  of  constitutive  relations  for  variables  that  are  not  simply  related  to  each  other. 
Here  we  use  one  such  theory,  namely  that  due  to  Brown-Kim-Anand  (hereafter  referred  to  as 
BKA)  [4],  and  study  in  detail  the  effect  of  varying  the  material  parameters  in  it  on  the 
deformations  of  the  target.  This  should  help  identify  the  critical  parameters  in  the  constitutive 
relation,  at  least  for  the  penetration  problem.  A  similar  study  was  conducted  earlier  [5,6]  for 
the  Litonski-Batra  and  the  Bodner-Partom  flow  rules. 

We  refer  the  reader  to  review  articles  by  Backman  and  Goldsmith  [7],  Wright  and  Frank  [8], 
Wright  [9],  and  Anderson  and  Bodner  (10)  for  a  review  and  discussion  of  most  of  the  work 
done  on  ballistic  penetration.  Different  engineering  models  have  been  proposed  by  Awerbuch 
[11],  Awerbuch  and  Bodner  [12],  Ravid  and  Bodner  [13].  Ravid  et  al,  [14],  Forrcstal  et  al,  [15], 
and  Batra  and  Chen  [16].  For  impact  velocities  in  the  range  of  0.5-10  km/s,  Birkhoff  et  al.  [17], 
Pack  and  Evans  [18],  Allen  and  Rogers  [19],  Alekseevskii  [20],  and  Tate  [21]  have  proposed 
using  the  Bernoulli  equation  or  its  modification  to  analyze  the  impact  phenomenon.  The  last 
three  references  introduced  a  resistive  pressure,  dependent  upon  the  material  strength,  in  the 
Bernoulli  equation.  Tate  [22-24],  Pidsley  [25],  Batra  and  Gobinath  [26],  Batra  and  Chen  [16], 
and  Jayachandran  and  Batra  [27]  have  estimated  the  value  of  the  resistive  pressure.  Whereas 
Tate  used  a  solenoid  fluid  flow  model  of  the  steady  state  penetration  process,  other 
investigations  used  a  numerical  solution  of  the  problem.  Both  Pidsley  [25]  and  Wright  [9]  have 
pointed  out  that  the  transverse  gradients  of  the  shear  stress  evaluated  on  the  axial  line  make 
noticeable  contributions  to  the  resistive  pressure  terms  in  the  modified  Bernoulli  equation.  The 
books  by  Zukas  et  al.  [28],  Blazynski  [29],  and  Macauley  [30]  may  be  consulted  for  the 
available  literature  on  ballistic  penetration. 


FORMULATION  OF  THE  PROBLEM 

With  respect  to  a  cylindrical  coordinate  system  with  origin  at  the  center  of  the  penetrator 
nose  and  pc>sitive  z-axis  pointing  into  the  target,  equations  governing  the  target  deformations 
are: 

Balance  of  mass: 

div  V  w  0. 


CS  10;l-0 


(1) 
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Balance  of  linear  momentum: 


Balance  of  internal  energy: 

Constitutive  relations: 


where 


div  o  *  p(v  •  grad)v. 

(2) 

-div  q  -f  tr(0D^)  =  pU, 

(3) 

o*-pl  +  s, 

(4.1) 

1-20(0-0^), 

(4.2) 

6l,g), 

(4.3) 

j|^sinh“*(0'"), 

(4.4) 

g-M(max(o,(l-^))), 

(4.5) 

(4.6) 

(4.7) 

qm^k  grad  6,  B^T-To, 

(5) 

UmcB, 

(6) 

2/"«tr(DP)^ 

(7.1) 

i  *  (v  •  grad)s  +  sW  -  Ws, 

(7.2) 

2D  =*  grad  v  -»•  (grad  v)^ 

(7.3) 

2W  *  grad  v  -  (grad  v)^. 

(7.4) 

Equations  (1),  (2),  and  (3)  are  written  in  the  Eulerian  description  of  motion.  The  operators 
grad  and  div  denote  the  gradient  and  divergence  operators  on  fields  defined  in  the  present 
configuration.  In  equations  (l)-(7),  v  is  the  velocity  of  a  target  particle  relative  to  the 
penetrator,  o  the  Cauchy  stress  tensor,  s  its  deviatoric  part,  p  the  hydrostatic  pressure  not 
determined  by  the  deformation  history,  an  open  circle  on  s  indicates  its  Jaumann  derivative 
defined  by  equation  (7.2)  for  the  steady  stress  field,  q  is  the  heat  flux  vector,  and  U  is  the 
specific  internal  energy.  Furthermore,  G  is  the  shear  modulus,  O'*  the  plastic  strain-rate,  p 
defined  by  equation  (4.4)  may  be  interpreted  as  the  shear  viscosity  of  the  target  material,  g  is 
an  internal  variable  whose  evolution  rate  is  postulated  to  be  given  by  equation  (4.5),  Q  the 
activation  energy,  R  the  gas  constant,  T  the  absolute  temperature,  7^  the  ambient  absolute 
temperature,  m  the  strain-rate  sensitivity,  ho  a  constant  rate  of  athermal  hardening,  and  the 
quantity  g*  represents  a  saturation  value  of  g  associated  with  given  values  of  the  temperature 
and  strain-rate.  In  order  to  characterize  the  viscoplastic  response  of  a  material,  one  needs  to 
assign  values  to  m,  ho,  a,  n,  A,  Q,  and  R.  Equation  (4.2)  is  Hooke’s  law  in  the  rate  form 
when  the  dependence  of  the  shear  modulus  upon  the  mass  density  or  the  hydrostatic  pressure  is 
neglected,  equation  (5)  is  the  Fourier  law  of  heat  conduction,  and  equation  (6)  is  a  constitutive 
relation  for  the  specific  internal  energy.  The  thermal  conductivity  k  and  the  specific  heat  c  are 
taken  to  be  constants.  The  strain-rate  tensor  D  defined  by  equation  (7.3)  is  assumed  to  have 
additive  decomposition  into  elastic  and  plastic  D**  parts,  and  W  defined  by  equation  (7.4)  is  the 
spin  tensor. 
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As  has  been  pointed  out  by  Batra  and  Gobinath  [26],  the  problem  formulation  does  include 
thermal  stresses  caused  by  the  uneven  temperature  lisi  at  different  material  particles. 
However,  the  change  in  the  mass  density  due  to  temperature  rise  of  a  material  particle  is  not 
considered. 

Henceforth,  we  use  non-dimensional  variables  defined  below  and  indicated  by  an  overbar. 


-  o  -  s  ,  P 

— ^  8=»  — , 

Oq  Oq  Oq 


.  V  .  r  .  z 
V*  — ,  2“-, 

Vo  To  ro 


Vo  ro 

pc  pevo 


D  =  D^, 
Vo 


■^7’ 

Vo  t^o 


X  i.l  fi  5.=*’ 


<^0 


<^0 


<7o 


(8) 


Here  Oo  is  the  yield  stress  of  the  target  material  in  a  quasistatic  simple  compression  test,  Tq  is 
the  radius  of  the  cylindrical  part  of  the  penetrator,  Uo  « the  steady  speed  of  penetration,  and 
is  the  coefficient  of  heat  transfer  between  the  target  and  the  penetrator. 

The  governing  equations,  when  written  in  terms  of  nondimensional  variables,  become 


where 


div  V  «  0, 

(9.1) 

-grad  p  4-  div  s  »  ct(y  •  grad)v. 

(9.2) 

s  4-  py[(y  •  grad)*  +  sW  -  Ws]  *  2/3D, 

(9.3) 

tr(oD**)  +  6  div(grad  0)  =  (v  •  grad)0, 

(9.4) 

ovj  pvo  Oo  k 

— ,  p=  ,  ^  = 

Oo  Ooro  G  pevoro 

(10) 

are  non-dimensional  numbers,  and  we  have  dropped  the  overbars.  Henceforth,  we  work  in 
terms  of  nondimensional  variables.  The  values  of  a,  y,  and  6  signify,  respectively,  the 
importance  of  inertia  force  relative  to  the  flow  stress  of  the  material,  material  elasticity,  and  the 
heat  transfer  due  to  conduction. 

We  note  that  the  governing  equations  are  highly  nonlinear,  and  we  seek  their  approximate 
solution  by  the  finite  element  method,  which  necessitates  that  we  consider  a  finite  region.  The 
bounded  region  R  of  the  target  whose  deformations  are  analyzed  is  depicted  in  Fig.  1,  which 
also  shows  the  discretization  of  the  domain  into  finite  elements.  The  boundary  conditions 
imposed  on  this  finite  region  are 


V,  =0,  v^  =  -1.0,  p=0,  Srr-0,  500=0,  5„  =  0,  5,^=0,  0=^0 


dS 


on  the  boundary  surface  EFA,  (11.1) 

(11.2) 


<7„  =0,  V,,  =  0,  on  the  axis  of  symmetry  DE, 

vn  =  0,  t*(oii)  =  0,  q*n  =  /ic(^- 

on  the  target/penetrator  interface  DCB,  (11.3) 


dd 

'  0,  V,.  =  0,  bounding  surface  BA. 


(11.4) 


The  validity  of  replacing  boundary  conditions  at  the  boundaries  of  the  semi-infinite  target 
region  by  conditiohs  (11.1)  and  (11.4)  on  the  bounding  surfaces  EFA  and  BA  of  the  finite 

target  region  studied  was  established  by  analyzing  the  problem  over  successively  larger  regions 
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each  new  region  containing  the  previous  one,  until  the  solution  variables  at  points  on  the 
target/penetrator  interface  DC  changed  by  less  than  4.7%.  Of  the  variables  p,  v,  d,  s,  and  g  of 
interest,  the  variation  in  s  was  the  largest  and  it  occurred  at  points  near  the  nose  periphery. 
The  boundary  conditions  on  p  and  components  of  s  on  the  surface  EFA  are  needed,  since  here 
we  need  to  solve  equation  (9.3)  for  s,  along  with  equations  (9.1),  (9.2),  and  (9.4)  for  p,  v  and 
6\  e.g.  see  Shimazaki  and  Thompson  [31].  Conditions  (11.2)  follow  from  the  assumed 
axisymmetric  nature  of  deformations.  The  imposed  boundary  conditions  (11.3)  on  the 
target/penetrator  interface  DCB  imply  that  there  is  no  interpenetration  of  the  target  material 
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into  the  penetrator,  the  contact  surface  is  smooth,  and  the  heat  flux  between  the  target  and  the 
penetrator  is  proportional  to  the  temperature  difference  between  the  two;  0,  being  the  average 
temperature  of  the  penetrator.  The  boundary  conditions  (11.4)  on  BA  are  a  good  approxima¬ 
tion,  provided  that  the  surface  BA  is  far  removed  from  DC,  as  is  the  case  here. 


COMPUTATIONAL  CONSIDERATIONS 

As  shown  in  Fig.  1,  the  region  R  is  divided  into  quadrilateral  elements,  the  elements  being 
smaller  near  the  target/penetrator  interface  DC  and  gradually  becoming  larger  as  we  move 
away  from  this  surface.  There  was  no  attempt  made  to  optimize  the  mesh  for  a  given  number 
of  nodes.  However,  keeping  R  fixed,  results  were  computed  with  three  successively  finer 
meshes  containing  700,  9()0,  and  1250  elements.  The  peak  values  of  p,  6,  and  /  for  these  three 
meshes  were  found  to  be  (12.07,  3.42,  1.38),  (12.17,  3.69,  1.52),  and  (12.10,  3.67,  1.53), 
respectively.  Henceforth,  we  employ  the  mesh  with  1250  elements. 

Within  each  element  the  valu^is  of  u,,  i/„  j,.,  See,  and  g  are  approximated  by 

bilinear  polynomials  expressed  in  terms  of  their  values  at  the  four  comer  nodes,  and  the 
hydrostatic  pressure  p  is  assumed  to  be  constant.  The  discontinuous  pressure  Add  p  thus 
computed  is  smoothened  a  posteriori  by  using 

f  (/^  dv)p;  =  A/ip  dV,  /  =  1,  2 . M  (12) 

where  M  equals  the  number  of  nodes,  and  N2, .  ^ ,  Nm  are  the  piecewise  bilinear  finite 
element  basis  functions. 

We  used  the  Petrov-Galerkin  formulation  [32]  of  equations  (9.3)  and  (9.4),  and  the 
Galerkin  approximation  [32]  of  equations  (9.1)  and  (9.2).  The  iterative  process  used  to  solve 
the  resulting  nonlinear  algebraic  equations  was  stopped  when 

« 0.01(2  iinr]  (13) 

where  the  summation  sign  implies  the  sum  of  the  value  of  the  indicated  q  lantity  at  all  nodes, 
11^11^  =  tr(<{)<|>^)  when  is  a  second  order  tensor,  \\^\\^  -  <p^ (p]  wh^r.  is  a  vector,  and 
li^il  =*  101  when  0  is  a  scalar.  The  convergence  criterion  (13)  is  applied  to  v  s,  6,  p,  andg.  This 
convergence  criterion  is  weaker  than  that  used  by  Batra  [5],  who  checked  lor  the  convergence 
of  the  solution  variables  at  each  node.  Batra  used  fi-noded  triangular  elements  and 
approximated  the  solution  variables,  except  for  p,  by  piecewise  quadratic  polynomials,  and  p 
by  piecewise  linear  polynomials  defined  in  terms  of  their  values  at  the  three  comer  nodes. 

The  code  developed  by  Jayachandran  and  Batra  [27]  was  modified  to  solve  the  present 
problem.  The  boundary  condition  (11.3)j  on  the  target/penetrator  interface  is  satisfied  by  using 
the  method  of  Lagrange  multipliers. 

RESULTS  AND  DISCUSSION 

When  computing  results,  we  assigned  the  following  values  to  various  material  and  geometric 
parameters. 

p  =  7860kg/m^  cro  =  40.^MPa,  G  =  80GPa,  c  =  473J/kg“C, 

^  =  50W/m"C,  /i,  =  20W/m2'’C,  0.  =  O°C,  To  =  10  mm, 

A  =  6.346  X  10*5  s-‘,  (2  =  275  kJ/mol,  g  =  405  MPa,  /lo  ==  5000  MPa, 

f  =  3.25,  m=0.1,  0.002.  (2  ==  1.5.  a  =10.  =  1.0.  (14) 
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Here  2r„  equals  the  length  of  the  principal  axis  of  the  elliptical  penetrator  nose  in  the 
Indirection.  For  the  values  of  p,  Oo,  and  c  given  above,  the  reference  temperature  6o  used  to 
nondimensionalize  the  temperature  rise  equals  108. 9®C.  Since  we  are  interested  in  delineating 
the  effect  of  different  values  of  material  and  geometric  parameters  in  the  BKA  flow  rule  on  the 
deformations  of  the  target,  the  base  values  assigned  as  in  (14)  to  different  parameters  are  of 
less  significance.  The  present  study  should  enumerate  the  relative  importance  of  various 
material  parameters  and  hence  help  design  experiments  for  the  precise  determination  of  more 
critical  ones.  The  range  of  values  of  material  parameters  considered  herein  is  probably  more 
than  that  likely  to  occur  for  any  real  material.  The  variables  that  are  assigned  values  different 
from  those  given  above  are  so  indicated  in  the  figures  along  with  their  new  values. 

All  of  the  results  presented  below  and  values  of  variables  indicated  in  figures,  unless  stated 
otherwise,  are  non-dimensional. 

(a)  Effect  of  penetration  speed 

Figure  2  depicts,  for  or  =  2,  6,  8,  and  10,  the  variation  of  the  normal  stress,  strain-rate 
measure  I,  tangential  speed,  and  the  temperature  rise  at  target  particles  abutting  the 
hemispherical  penetrator  nose  surface.  The  angular  position  indicated  in  Fig.  1,  is  measured 
from  the  centroidal  axis.  In  this  and  other  figures,  various  quantities  have  been  scaled 
appropriately  so  as  to  fit  on  the  same  plot.  The  normal  stress  on  the  penetrator  nose  surface  is 
independent  of  cr  for  V'  *  45®,  and  the  normal  stress  at  a  point  on  the  penetrator  nose  surface 
increases  with  a  for  v;<45®  and  the  reverse  happens  for  t/;>45®.  Such  a  behavior  was  also 
observed  by  Batra  and  Wright  [33]  for  a  rigid  plastic  target,  by  Jayachandran  and  Batra  [27]  for 


Angular  position 

Fig.  2.  Distribution  of  the  tangential  speed,  strain-rate  measure,  normal  stress,  and  the  temperature 
rise  at  target  particles  on  the  penetrator  nose  surface  for  o  =  2.  6.  8.  and  10. 
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an  elastic-plastic  target,  by  Batra  [5]  for  a  viscoplastic  target  obeying  the  Litonski-Batra  flow 
rule,  and  by  Batra  and  Adam  [6]  for  a  viscoplastic  target  following  the  Bodner-Partom  flow 
law.  The  values  of  the  nondimensional  strain-rate  measure  I  at  and  near  the  penetrator  nose  tip 
decrease  with  an  increase  in  the  value  of  or.  We  note  that  the  change  in  the  dimensional  values 
of  I  is  more  than  that  in  the  nondimensional  values  since  the  former  are  obtained  by 
multiplying  the  latter  by  vjr^.  However,  the  temperature  rise  is  nearly  uniform  over  thv 
penetrator  nose  surface,  and  its  value  decreases  with  an  increase  in  the  value  of  a,  mainly 
because  more  heat  is  transferred  due  to  convection  at  higher  speeds.  We  note  that  Batra  [5], 
and  Batra  and  Adam  [6]  observed  similar  behavior  for  the  Litonski-Batra  and  Bodner-Partom 
flow  rules,  respectively. 

In  Fig.  3  we  have  plotted  the  variation  of  the  strain-rate  measure  /,  temperature  rise  6, 
and  the  axial  velocity  for  or  =  2, 6,  8,  and  10.  Whereas  the  strain-rate  measure  /  and 
the  temperature  rise  drop  sharply  as  one  moves  away  from  the  nose  tip,  the  value  of  (~<7..) 
decreases  slowly  to  zero  mainly  because  the  hydrostatic  pressure  p  drops  off  slowly  with  the 
axial  distance  from  the  nose  surface.  For  a  =»  10,  Uq”  771  m/s,  and  the  peak  values  of  I  and  the 
temperature  rise  equal,  respectively,  3.55  x  10*  s“*  and  408*C.  It  seems  that  there  is  a  thin  layer 
of  material,  of  thickness  nearly  0.2ro,  around  the  penetrator  nose  surface  in  which  the 
temperature  rise  is  quite  high.  Severe  deformations  of  the  target  material  occur  at  particles 
situated  within  a  distance  of  3ro  from  the  penetrator  nose  surface.  Thus,  the  target  region 
studied  is  quite  adequate. 


Fig.  3.  Variation  of  the  strain-rate  measure,  temperature  rise,  axial  velocity,  and  (-cr,,)  at  points  on 

the  axial  line  for  a  =  2.  6.  8.  and  10. 
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by  the  value  of  n.  The  dependence  of  the  tangential  speed  upon  n  is  rather  weak,  as  is  the 
dependence  of  all  quantities  upon  n  at  points  situated  more  than  2ro  from  the  penetrator  nose 
tip.  For  each  value  of  n  considered  herein,  the  axial  stress  decays  slowly  with  the  distance  from 
the  nose  tip. 

In  Fig.  10  we  have  plotted  the  variation,  on  the  penetrator  nose  surface,  of  the  tangential 
speed,  strain-rate  measure  I,  normal  stress  and  the  temperature  rise  for  strain-rate  hardening 
parameter  m  «0.01,  0.02,  0.05,  0.1,  1.0,  and  10.0.  The  curves  for  m  ^0.1  overlap  each  other, 
indicating  the  saturation  of  the  strain-rate  hardening  effects.  Whereas  the  values  of  /  and  the 
tangential  speed  decrease  those  of  the  normal  stress  and  the  temperature  rise  increase  with  an 
increase  in  the  value  of  m.  For  m  »0,  the  target  particles  tended  to  separate  away  from  the 
penetrator  nose  surface  near  the  nose  periphery.  Hence,  results  for  this  case  are  not  included 
herein.  For  the  aforestated  values  of  m,  the  hydrostatic  pressure  p  at  the  stagnation  point 
equals  8.87,  10.63,  12.04,  12.10,  12.10,  and  12.10,  respectively.  Thus,  an  increase  in  the  value 
of  the  normal  stress  is  due  to  both  an  increase  in  the  value  of  p  and  the  enhanced  hardening  of 
the  material  for  higher  values  of  m  in  the  range  0.01  <m  "S  0.1.  In  this  case  the  temperature 
rise  is  almost  evenly  distributed  on  the  target/penetrator  interface.  On  the  axial  line  (cf.  Fig. 
11),  the  values  of  /  and  the  tangential  speed  seem  not  to  depend  upon  m.  However,  the  values 
of  the  temperature  rise  and  the  axial  stress  (— ate  influenced  by  the  value  of  m  considered. 
The  curves  depicting  the  variation  of  the  axial  stress  and  the  temperature  rise  with  z,  the 
distance  from  the  nose  tip,  for  m  =«0.05,  0,1,  and  10.0  essentially  coincide  with  each  other. 

The  axial  resisting  force  F  (cf.  Fig.  4)  experienced  by  the  penetrator  increases  sharply  when 


Angular  position 

Fig.  10,  Effect  of  different  values  of  the  strain*rate  hardening  parameter  m  on  the  distribution  of  the 
normal  stress,  tangential  speed,  temperature  rise,  and  the  strain-rate  measure  on  the  penetrator  nose 

surface. 
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Oistonct  from  the  nos*  tip 

Ftg.  II.  Effect  of  m  on  the  variation  of  the  normal  stress,  axial  velocity,  temperature  rise,  and  the 

strain*ra(e  measure  on  the  axial  line. 


the  value  of  m  is  increased  from  0.01  to  0.1,  but  levels  off  subsequently.  Out  of  the  other 
parameters,  ho,  g,  and  Q  that  increase  the  hardening  of  the  material,  F  depends  strongly  upon 
g  and  rather  weakly  upon  ho.  The  values  of  F  increase  rapidly  with  an  increase  in  the  value  of 
Q  for  150kJ/moI,  and  then  quite  slowly. 

Rgure  12  depicts  the  distribution  of  the  strain-rate  measure  /,  tangential  speed,  normal 
stress,  and  the  temperature  rise  on  the  penetrator  nose  surface  for  a  =  0.01,  0.1,  1.5,  3,  10,  and 
100.  The  values  of  I  and  the  tangential  speed  are  affected  very  little  by  the  value  of  a.  Also,  the 
values  of  a  0.1  and  a  5*3.0  have  negligible  effect  on  target  deformations.  The  normal  stress 
and  the  temperature  rise  decrease  with  an  increase  in  the  value  of  a  from  0.1  to  3.0.  We  note 
that  the  value  of  a  is  usually  selected  to  represent  best  the  experimental  hardening  curves.  The 
axial  resisting  force  F  experienced  by  the  penetrator  decreases  when  a  is  increased  from  0. 1  to 
3.0,  and  stays  constant  subsequently.  As  evidenced  by  the  results  plotted  in  Fig.  13,  the  values, 
at  points  on  the  axial  line,  of  the  temperature  rise,  strain-rate  measure,  axial  speed,  and  the 
axial  stress  are  affected  very  little  by  the  value  of  a.  The  effect  of  changing  the  value  of  the 
pre-exponential  factor  A  on  the  distribution  of  the  aforementioned  four  variables  is  shown  in 
Fig.  14.  The  values  of  the  temperature  rise  and  the  normal  stress  decrease,  and  those  of  the 
tangential  speed  and  the  strain-rate  measure  I  increase  with  an  increase  in  the  value  of  A. 
Equations  (4.6)  and  (4.7)  suggest  that  an  increase  in  the  value  of  A  reduces  the  saturation 
value  g*  of  g.  When  g  equals  g*,  further  resistance  to  flow  does  not  develop.  The  results 
plotted  in  Fig.  4  indicate  that  the  axial  resisting  force  experienced  by  the  penetrator  decreases 
noticeably  with  an  increase  in  the  value  of  A. 
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Fjg  14.  Effect  of  different  values  of  A  on  the  distribution  of  the  temperature  rise,  normal  stress, 
strain*rate  measure,  and  the  tangential  speed  on  the  penetrator  nose  surface. 


CONCLUSIONS 

We  have  studied  the  steady  state  axisymmetric  deformations  of  a  thermoelastic-viscoplastic 
target  being  penetrated  by  a  long  rigid  cylindrical  rod  by  the  finite  element  method,  using 
bilinear  quadrilateral  elements.  The  target  material  is  modeled  by  a  viscoplastic  flow  rule 
proposed  recently  by  BKA.  Within  each  element,  the  fields  of  the  velocity,  deviatoric  stress 
tensor,  temperature,  and  an  internal  variable  are  approximated  by  bilinear  polynomials,  and 
the  hydrostatic  pressure  is  assumed  to  be  constant.  It  is  found  that  the  axial  resisting  force 
experienced  by  the  penetrator  depends  weakly  upon  the  penetration  speed.  The  material 
strength  parameter,  introduced  by  Tate,  in  the  modified  Bernoulli  equation,  is  found  not  to 
depend  upon  the  penetrator  nose  shape.  The  material  parameters  that  enhance  the  hardening 
of  the  material  in  plane  strain  compression  of  a  block  made  of  the  target  material  increase  the 
axial  resisting  force  acting  on  the  penetrator.  The  severe  deformations  of  the  target  are 
confined  to  material  particles  situated  at  most  one  penetrator  diameter  away  from  the 
target/penetrator  interface.  Thus,  the  target  region  analyzed  herein  is  adequate,  and  the 
computed  results  do  not  depend  upon  the  extent  of  the  domain  analyzed. 
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EFFECT  OF  VISCOPLA.STIC  FLOW  RULES  ON  STFADY 
STATE  PENETRATION  OF  THERMOVISCOPI.AJVIC 

TARGETS 

R.  C.  BATRA  and  ASLAM  ADAM 

Department  of  Mechanical  and  Aerospace  Eneineerine  and  Engineering  Mechanics.  University  of 
Missouri- Rolla.  Rolla,  MO  65401-0249,  U..'*.A. 

Abstract — Steady  state  thermomechanical  deformations  of  a  thick  viscopiastic  target  being  penetrated 
by  a  fast  moving  long  rigid  cylindrical  penetrator  arc  analysed  by  the  finite  element  method.  Two 
different  constitutive  relations,  the  Bodner-Partom  flow  rule,  and  the  Litonski-Batra  rule,  are 
used  to  model  the  viscopiastic  response  of  the  material.  The  two  Row  rules  arc  tr  .icd  to  give 
esscntiallv  similar  shear  stress-shear  strain  curves  during  the  overall  adiabat.c  >i.  i  shearing 
deformations  of  a  block  deformed  at  an  average  strain-rate  of  3?00s“'.  For  the  Bd  '  *..  ■  .  artom  flow 
rule,  the  effect  on  target  deformations  of  the  penetrator  nose  shape,  penetraio-  x.d.  and  the 
variation  in  the  values  of  material  parameters  of  the  target  is  also  studied. 


1.  INTRODUCTION 


Given  the  penetrator  and  target  geometries,  materials,  target  support  conditions,  penetrator 
speed,  and  the  angle  of  attack,  one  would  like  to  find  out  whether  or  not  the  target  will  be 
perforated,  and  if  yes,  the  speed  of  the  penetrator  when  it  comes  out  of  the  target.  If  not.  the 
shape  and  size  of  the  hole  made  in  the  target  is  of  interest.  A  complete  analysis  of  this  problem 
within  reasonable  resources  is  still  not  possible.  There  have  been  numerous  attempts  made  to 
analyze  simplified  versions  of  the  problem.  Backman  and  Goldsmith  [1]  have  reviewed  the 
open  literature  on  ballistic  penetration  till  1977.  It  describes  various  physical  mechanisms 
involved  in  the  penetration  and  perforation  processes,  and  also  discusses  many  engineering 
models.  Other  review  ankles  and  books  include  those  by  Wright  and  Frank  [2].  Anderson  and 
Bodner  [3],  Zukas  et  al.  [4],  Blazynski  [5],  and  Macauley  [6].  Ravid  and  Bodner  [7J,  Ravid  et 
al.  [8],  and  Forrestal  et  al  [9]  have  proposed  engineering  models  of  varying  complexity. 

When  a  fast  moving  long  rod  strikes  a  very  thick  target,  the  deformations  of  the  two  appear 
to  be  steady  to  an  observer  situated  at  the  stagnation  point  and  moving  with  it  after  the  rod  has 
penetrated  into  the  target  a  few  rod  diameters.  This  steady  state  lasts  until  the  stagnation  point 
reaches  close  to  the  other  end  oi  the  target.  For  very  high  striking  speeds,  the  steady 
deformations  of  the  target  and  the  penetrator  can  be  assumed  to  be  governed  by  purely 
hydrodynamic  incompressible  flow  processes.  Tate  [10, 11]  and  Alekseevskii  [12]  modified  this 
model  by  incorporating  the  effects  of  material  strengths  of  the  target  and  the  projectile.  These 
were  assumed  to  equal  some  multiple  of  the  uniaxial  yield  stress  of  the  respective  materials,  but 
the  multiplying  factor  was  unspecified.  Tate  [13,  14],  Pidsley  [15],  Batra  and  Gobinath  [16],  and 
Batra  and  Chen  [17]  have  estimated  these  multiplying  factors.  Whereas  Tate  used  a  solenoidal 
fluid  flow  model  to  simulate  the  steady  state  penetration  process,  the  other  investigations  relied 
on  a. numerical  solution  of  the  problem. 

One  of  the  unresolved  issues  in  penetration  mechanics  is  the  choice  of  the  most  appropriate 
constitutive  relation  for  the  penetrator  and  target  materials.  In  order  to  assess  the  effect  of  the 
constitutive  models  used  for  the  target  material,  we  presume  herein  that  the  penetrator  is  rigid 
and  use  two  different  constitutive  relations  for  the  target  material.  The  two  constitutive 
relations  give  virtually  the  same  shear  stress-shear  strain  curves  during  the  numerical 
simulation  of  overall  adiabatic  simple  shearing  of  a  viscopiastic  block  deformed  at  an  average 
strain-rate  of  3300  s~‘.  For  the  Bodner-Partom  flow  rule  [18],  the  effect  of  varying  the 
penetrator  nose  shape,  the  penetration  speed,  and  the  values  of  material  parameters  on  the 
deformations  of  the  target  has  also  been  explored.  A  similar  study  for  the  Litonski-Batra  flow 
rule  has  already  been  conducted  by  Batra  [19]. 


104 


1392 


R.  C.  BATRA  and  A.  ADAM 


2.  FORMULATION  OF  THE  PROBLEM 

Wc  use  a  cylindrical  coordinate  system^  with  origin  at  the  center  of  the  penetrator  nose  and 
moving  with  it  at  a  uniform  speed  Vq  and  positive  2-axis  pointing  into  the  target.  Equations 


governing  the  thermomechanical  deformations  of  the  target  are; 

divv-0,  (2.1) 

div  a  »  p(v  •  grad)v,  (2.2) 

-divq->>tr(<7D)=*p(v*grad)£/,  (2.3) 

D  »  (grad  v-f  (grad  v)0/2.  (2.4) 


Equations  (2.1)-(2.3)»  written  in  the  Eulerian  description  of  motion,  express,  respectively, 
the  balance  of  mass,  balance  of  linear  momentum,  and  the  balance  of  internal  energy.  Here  we 
have  negleaed  elastic  deformations  of  the  target,  and  assumed  that  plastic  deformations  are 
isochoric  and  all  of  the  plastic  working,  rather  than  90-95%  of  it  as  asserted  by  Farren  and 
Taylor  (20J  is  converted  into  heating.  The  operators  grad  and  div  denote  the  gradient  and 
divergence  operators  on  fields  defined  in  the  present  configuration.  Furthermore,  a  is  the 
Cauchy  stress  tensor,  p  the  mass  density  of  the  target  material,  v  the  velocity  of  the  target 
particle  relative  to  the  penetrator,  q  the  heat  flux  per  unit  present  area,  D  the  strain-rate 
tensor,  and  U  the  specific  internal  energy.  We  need  to  specify  constitutive  relations  and 
boundary  conditions  in  order  to  complete  the  formulation  of  the  problem. 


For  the  target  material,  we  assume  that 

q= -it  grade.  (2.5) 

U^ce  (2.6) 

and  either  the  Litonski-Batra  flow  rule  [19] 

a=-pH-2p(/,  e.  v;)D,  (2.7) 

2n(l.  0,  v)  =  ^ (1  +  W)'(l  -  ve)(l  +  v/ Vo)’.  (2.8) 

tr(oD)  =  (7oy(l  +  (2.9) 

/’  =  jcr(D*),  (2.10) 

or  the  Bodner-Partom  flow  rule  [18] 

s-(r:/(\/3/[jj^ln(Do//)]'*’))D.  s  =  o+pl  (2.11) 

n  =  ^,  2:  =  2i-l“(z3-2i)exp(-mW/23),  (2.12) 

VV  =  tr(aD)  =  tr(sD).  (2,13) 


Equation  (2.5)  is  the  Fourier  law  of  heat  conduction,  k  the  constant  thermal  conductivity,  $  is 
the  change  in  the  temperature  of  a  material  particle  from  that  in  the  undeformed  configuration, 
c  the  constant  specific  heat,  p  the  hydrostatic  pressure  not  determined  by  the  deformation 
history,  and  Oo  is  the  yield  stress  in  a  quasistatic  simple  tension  or  compression  test.  The 
constitutive  relation  (2.7)  was  proposed  by  Batra  [19).  It  incorporates  and  generalizes  that 
suggested  by  Litonski  [21]  for  simple  shearing  deformations.  Batra  and  his  coworkers 
(19.22-24)  have  used  it  to  study  th  ^rmomechanical  penetration  problems,  and  the  initiation 
and  growth  of  shear  bands  in  viscopi'‘:ic  materials.  In  equations  (2.7)  and  (2.S),  the  material 
parameters  b  and  e  characterize  the  strain-rate  sensitivity  of  the  material,  v  describes  its 
thermal  softening,  and  y/o  and  q  the  strain  hardening  of  the  material.  Equation  (2.9)  states  that 
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the  rate  of  increase  of  y;  at  a  material  point  is  proportional  to  the  plastic  working  there.  Thus, 
the  present  value  of  y  depends  upon  the  history  of  the  deformation.  The  linear  dependence  of 
the  flow  stress  upon  the  temperature  rise  has  been  used  by  Tate  (25]  in  the  analysis  of  a 
penetration  problem,  and  has  been  observed  by  Bell  [26],  Lin  and  Wagoner  [27],  and 
Lindholm  and  Johnson  [28].  /*  defined  by  equation  (2.10)  equals  the  second-invariant  of  the 
strain-rate  tensor,  since  the  deformations  are  taken  to  be  isochoric.  Should  the  temperature 
rise  at  a  material  point  exceed  1/v  so  as  to  make  /i  negative,  we  set  fi^O.  Thus,  the  material 
point  will  behave  like  an  incompressible  fluid.  However,  no  account  is  taken  of  the  latent  heat 
needed  for  the  phase  transformation  to  occur. 

In  equations  (2.11)-(2.13),  s  is  the  deviatoric  stress  tensor,  T  the  absolute  temperature  of  a 
material  panicle,  W  the  plastic  work  done,  and  Z2  may  be  considered  as  an  internal  variable 
whose  present  value  at  a  material  point  depends  upon  the  density  of  the  plastic  work  done  at 
that  point.  Do  is  the  limiting  value  of  the  plastic  strain-rate,  and  is  usually  assigned  a  large 
value.  Besides  Do,  we  need  to  specify  a,  Zi,  23,  and  m  to  characterize  the  material.  We  identify 
the  parameter  a  with  the  melting  temperature  of  the  material,  and  once  T  equals  a,  we  set 
s»  0,  analogous  to  what  we  did  for  the  Litonski-Batra  flow  rule. 

We  note  that  there  is  no  loading  or  explicit  yield  surface  assumed  with  either  (2,7)  or  (2.11). 
The  limiting  valu»,  of  s,  =  (1/2  tr  s*)^'‘  as  /  approaches  zero  is  ao/V3  for  the  Litonski-Batra  law, 
and  is  zeio  for  the  Bodner-Partom  law. 

Rewriting  equation  (2.7)  as 


o  a  -(p  +  +  2/i(/.  e,  t/;)D,  (2,14) 

where  /3  and  K  equal,  respectively,  the  coefficient  of  thermal  expansion  and  the  bulk  modulus 
of  the  material,  we  sec  that  equation  (2.7)  embodies  implicitly  thermal  stresses  caused  by  the 
nonuniform  temperature  rise  at  different  material  particles.  However,  the  change  in  the  mass 
density  due  to  temperature  rise  of  a  material  particle  is  not  considered.  In  equation  (2.14),  p  is 
not  determined  by  the  deformation  history  of  a  material  particle,  and  the  addition  of  a 
determinate  term  to  it  gives  rise  to  p  in  equation  (2.7),  which  is  taken  to  be  an  independent 
variable  throughout  this  work. 

We  introduce  non-dimensional  variables,  indicated  below  by  a  superimposed  bar,  as*  follows: 


0-olao,  p^ploo,  v  =  v/vo, 
z-ztro,  0  =  0/00,  f-TITo, 

V  =  V0O,  a  =  pvlfoo,  k  =  klfpcvofo), 

Oo  -  Oo/{PC),  S  =  S/CTO,  22  =  Zj/Oo, 

23  =  Z3/O0,  W  =  W/oo,  Do  =  DoVo/ro, 

ii^h/{voPc). 


r  =  r/ro, 
b  =  bvofro, 

70=  00  +  273. 

Zi  =  2j/ CTo, 

d-aido. 


(2.15) 


Here  tq  is  the  radius  of  the  cylindrical  part  of  the  penetrator  and  the  heat  transfer  coefficient  h 
appears  in  the  boundary  condition  (2.25)  below.  Substituting  from  equations  (2.5)  and  (2.6) 
into  equation  (2.3),  rewriting  it  and  equations  (2.1),  (2.2),  (2.4),  and  the  constitutive  relations 
(2.7)  and  (2.11)  in  terms  of  non-dimensional  variables,  and  dropping  the  superimposed  bars, 
we  arrive  at  the  following  set  of  equations. 


where  either 


div  V  =  0, 

(2.16) 

div  v  =  ar(v  •  grad)v. 

(2.17) 

tr(oD)  +  k  div(grad  0)  =  (v  •  grad)0, 

(2.18) 

pl  +  ^(l  +W)'(1  -  V0)(1  +  v/VorD. 

(2.19) 

'r("D) 

(2.20) 
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or 

o-  -pi  +  (v1/[^ln(A,//)]'''”))D.  (2.21) 

tr(oD)  =  (vgr3d)W,  (2.22) 

and  n,  and  22  arc  given  by  expressions  (2.12). 

We  assume  that  the  target/penetraior  interface  is  smooth,  and  impose  on  it  the  following 
boundary  conditions. 

I  •  (on)  =*  0,  (2.23) 

vn  =  0,  (2,24) 

q-n^h(0-a,),  (2.25) 

where  h  is  the  heat  transfer  coefficient  between  the  penetrator  and  the  target,  0,,  is  an  average 
temperature  of  the  penetrator.  and  n  and  t  are,  respectively,  a  unit  normal  and  a  unit  tangent 
vector  to  the  surface.  Equation  (2.25)  accounts  approximately  for  the  heat  excha... ;e  between 
the  penetrator  and  the  target.  At  points  far  away  from  the  penetrator 

|v  +  e|  — 0,  0-^0.  W  —  O  as  (r^ -h  2  > -x,  (2.26) 

l<ni|— »0,  |q*ni— ►O.  W-»0  as  2-+-*,  (2.27) 

where  e  is  a  unit  vector  along  the  positive  e-axis.  The  boundary  condition  (2.26)  implies  that 
target  particles  at  a  large  distance  from  the  penetrator  appear  to  be  moving  at  a  uniform 
velocity  with  respect  to  it,  and  experience  no  change  in  their  temperature.  Equation  (2.27) 
states  that  when  target  particles  have  moved  far  to  the  rear  of  the  penetrator,  the  surface 
tractions  and  heat  flux  on  them  vanish.  Recalling  the  constitutive  relations  (2.7)  and  (2.11),  we 
see  that  the  vanishing  of  surface  tractions  at  far  away  points  does  not  imply  that  the  pressure 
there  vanishes.  Ideally,  one  should  specify  the  rate  of  decay  of  quantities  in  equations  (2.26) 
and  (2.27).  However,  at  this  time,  there  is  no  hope  of  proving  an  existence  or  uniqueness 
theorem  for  an  analytical  solution  of  the  stated  problem.  Wc,  therefore,  gloss  over  this  rather 
difficult  issue.  Herein  we  assume  that  the  aforestated  problem  has  a  solution  and  seek  its 
approximation  by  the  finite  element  method. 

3.  COMPUTATIONAL  CONSIDERATIONS 

Unless  one  uses  special  infinite  elements,  a  numerical  solution  of  the  problem  necessitates 
that  we  consider  a  finite  region.  Since  the  target  deformations  are  assumed  to  be  axisymmetric, 
only  the  deformations  of  the  target  region  R  shown  in  Fig.  1  are  studied,  and  the  boundary 
conditions  (2.26)  and  (2.27)  at  the  far  surfaces  arc  replaced  by  the  following  conditions  (3.1) 
and  (3.3)  on  the  boundary  surfaces  of  the  finite  region  being  analyzed. 

SO 

a.j-0,  Vr  =  0,  ^  =  0  on  the  surface  A  B,  (3.1) 

dz 

SO 

Ort  =0,  u,  =  0,  —  =  0  on  the  axis  of  svmmetry  D£,  (3.2) 

ar 

1/^  =  0,  u.  =  -1.0,  0  =  0.  yf  =  0,  W -0  on  the  boundary  surface  ££A.  (3.3) 

Conditions  (3.2)  follow  from  the  assumed  symmetry  of  deformations.  The  validity  of  replacing 
(2.26)  by  (3.3),  and  (2.27)  by  (3.1),  and  the  accuracy  of  the  computed  results  depend  upon  the 
size  of  the  region  R.  Keeping  DE  fixed,  we  increased  the  distance  BC  until  the  change  in  the 
values  of  solution  variables  such  as  the  pressure  p,  velocity  v,  and  tempeature  6  at  points  in  the 
vicinity  of  the  target/penetrator  interface  was  less  than  0.1%.  Then,  BC  was  kept  fixed  and  the 
size  of  DE  was  increased  to  attain  convergence  of  the  solution  variables  at  points  adjoining  the 
target-penetrator  interface.  The  region  so  obtained  and  its  finite  element  discretization 
depicted  in  Fig.  1  were  used  to  compute  all  of  the  results  presented  and  discussed  below.  The 
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finite  element  mesh  is  very  fine  in  darker  regions.  The  size  of  the  region  considered  herein  is 
considerably  more  than  that  studied  by  Batra  [19].  An  increase  in  the  distance  DE  resulted  in  a 
decrease  in  the  axial  resisting  force  experienced  by  the  penetrator,  but  an  increase  in  the 
distance  BE  increased  the  axial  resisting  force  acting  on  the  penetrator. 

The  finite  element  code  developed  by  Batra  [19]  to  solve  for  target  deformations  when  its 
material  is  modeled  by  constitutive  relation  (2.19)  was  modified  to  include  the  Bodner-Partom 
fiow  rule  (2.21).  A  weak  formulation  of  the  problem  and  an  iterative  technique  to  solve  the 
nonlinear  system  of  equations  is  also  given  in  [19].  Whereas  Batra  [19]  used  six-noded 
triangular  elements,  here  we  use  9-noded  quadrilateral  elements  to  approximate  the  fields  of  v, 
0,  and  rp  within  an  element.  The  hydrostatic  pressure  p  is  assumed  to  be  bilinear  on  each 
quadrilateral  element,  and  is  defined  in  terms  of  its  values  at  the  four  comer  nodes.  Batra  [29] 
has  shown  that  when  a  problem  iimilar  to  the  one  being  studied  here  is  analyzed  by  using 
identical  nodal  locations  but  cither  6-noded  triangular  or  9-noded  quadrilateral  elements,  the 
two  sets  of  results  are  identical,  except  that  the  quadrilateral  elements  give  smoother  fields.  In 
either  case,  no  posteriori  smoothing  technique  was  applied  to  the  computed  values  of  the  nodal 
pressures.  In  the  results  presented  below,  as  well  as  in  [19],  the  solution  of  the  nonlinear 
system  of  equations  was  assumed  to  have  converged,  if  at  each  nodal  point  the  norm  of  the 
increments  in  Vr,  Vx,  and  d  differed  by  less  than  1%  of  the  norm  of  Vr,  u,,  and  d.  Here  Vr  and 
V.  equal,  respectively,  the  r-  and  z-components  of  the  velocity  of  a  point  relative  to  an 
observer  situated  at  the  stagnation  point  and  moving  with  it. 


4.  NUMERICAL  RESULTS 

4. 1  Comparison  of  predictions  from  the  two  constitutive  relations 

We  note  that  experimental  data  for  the  range  of  deformations  expected  to  occur  in  the 
penetration  problem  under  study  is  not  available  in  the  open  literature.  Batra  and  Kim  [30] 
determined  values  of  material  parameters  appearing  in  the  two  constitutive  relations  by 
ensuring  that  the  computed  shear  stress-shear  strain  curve  during  overall  adiabatic  simple 
shearing  deformations  of  a  viscoplastic  block  deformed  at  an  average  strain-rate  of  3300 s“^ 
matched  well  with  the  experimental  curve  of  Marchand  and  Duffy  [31]  for  a  HY-100  structural 
steel.  We  use  those  values,  and  list  them  below. 

(a)  Values  same  for  both  constitutive  laws 

p=*7860kg/m^  Oo*  405  MPa,  c  =  473  J/kg  "C, 

/C  =  50W/mX,  A«20W/m2X,  ^^=*0,  ro  =  2.54mm. 

V/o  =  0.012,  ^=0.054,  e  =  0.01872, 

^=*10^5. 

r,  =  3.778,  Z3  =  3.185,  m  =  2.5, 

Do  =  3.3xl0^s-‘. 

Thu^the  reference  temperature  9^  used  to  non-dimensionalize  the  temperature  rise  equals 

'  Figure  2  depicts  the  distribution  of  the  normal  stress,  temperature  rise,  tangential  speed,  and 
/  on  the  nbseksurface  when  the  penetrator  nose  is  hemispherical  and  or  =  4.5.  In  these  plots,  the 
values  of  the  iTOrinal  stress  and  the  temperature  rise  have  been  divided  by  ten,  in  order  for  the 
curves  to  fit  on  the  sahML^aph.  The  values  of  the  tangential  speed  and  the  strain-rate  measure 
/  as  computedjvithjhe  two  constitutive  relations  come  out  to  be  very  close  to  each  other.  The 
two  temperature  distributions  agree  qualitatively,  and  seem  to  differ  by  essentially  a  constant 
value.  At  first  glance  it  seems  that  this  difference  is  due  to  the  different  scales  of  temperature  in 


(b)  Litonski-Batra  flow  rule 
V-6.55X  10“V"C, 


(c)  Bodner-Partom  flow  rule 
a  =  1800®K, 
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Fig.  2.  Comparison  of  the  variation  of  /,  normal  stress,  tangential  speed,  and  the  temperature  rise  at 
target  panicles  abutting  the  penctraror  nose  surface  for  the  two  constitutive  relations. 


the  two  constitutive  relations.  However,  this  was  not  found  to  be  the  case.  Both  constitutive 
relations  predict  sharply  higher  values  of  the  temperature  rise  at  target  particles  near  the 
stagnation  point.  A  possible  explanation  for  this  is  that,  at  the  stagnation  point  a  considerable 
amount  of  heat  is  generated,  but  little  is  conducted  away  due  to  the  low  value  of  the  thermal 
conductivity,  and  the  heat  loss  due  to  convection  is  also  very  small  because  of  the  relatively 
small  values  of  the  speed  of  the  particles  surrounding  the  stagnation  point.  As  one  moves  away 
from  the  stagnation  point,  heat  loss  due  to  convection  increases  because  of  the  increased  speed 
of  target  particles.  The  distribution  of  the  normal  stress  on  the  penetrator/target  interface  as 
computed  by  the  two  constitutive  relations  also  agrees  qualitatively.  However,  the  two  normal 
stress  distributions  differ  quantitatively,  mainly  because  of  the  difference  in  the  values  of  the 
hydrostatic  pressure  as  computed  by  the  two  constitutive  relations.  For  example,  the  peak 
pressure  at  or  near  the  stagnation  point  equalled  18.71  and  30.16,  respectively,  for  the 
Litonski-Batra  and  the  Bodner-Panom  flow  rules.  Because  of  the  differences  in  the  values  of 
the  dcviatoric  stress  tensor  s  and  the  strain-rate  measure  /  as  computed  by  the  two  constitutive 
relations,  the  rate  of  energy  dissipated  due  to  plastic  working  and  hence,  the  resulting 
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temperature  distribution  is  different  in  the  two  cases.  We  note  that  the  two  constitutive 
relations  are  calibrated  to  give  identical  response  in  overall  adiabatic  simple  shearing 
deformations  of  a  viscoplastic  block  deformed  at  an  average  strain-rate  of  3300  s~^  The  state  of 
deformations  at  a  target  particle  need  not  correspond  to  that  of  simple  shearing.  Also*  the 
calibration  procedure  involves  solving  a  nonlinear  initial-boundary-value  problem  whose 
solution  may  be  non-unique.  Thus,  two  different  sets  of  values  of  material  parameters  may  give 
the  same  shear  stress-shear  strain  curve.  The  axial  resisting  force  equalled  15.24  and  25.19, 
respectively,  for  the  Litonski-Batra  flow  rule  and  the  Bodner-Partom  flow  rule. 

Figure  3  shows  the  distribution  of  /,  6,  and  (-u,)  on  the  axial  line  as  computed 

by  using  the  two  constitutive  relations.  Whereas  the  two  sets  of  values  of  I  and  v,  are  very  close 
to  each  other,  those  of  6  and  agree  qualitatively.  These  do  indicate  that  signifleant 
deformations  occur  at  target  points  whose  distance  from  the  target/penetrator  interface  is  less 
than  one  penetrator  diameter.  The  values  of  (A  B)  at  the  stagnation  point  are  found  to  be 
(2.09,7.35)  and  (2.14, 13.58)  for  the  Litonski-Batra  and  Bodner-Partom  flow  rules,  respec¬ 
tively.  Thus,  for  the  Bodner-Partom  law,  the  temperature  at  the  stagnation  point  almost 
equalled  the  presumed  melting  temperature  of  ISfXTK. 


Rg.  3.  CoRiparaon  of  the  vtriation  of  (-cr„),  /,  B,  and  (-v,)  on  the  ajdal  line  for  the  two 

constitutive  relations. 
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4.2  Results  for  the  Bodner-Partom  flow  rule 

We  now  study  the  effect  of  different  material  parameters  in  the  Bodner-Partom  law  on  the 
deformations  of  the  target.  This  will  elucidate  the  relative  importance  of  various  material 
parameters  and  hence  help  design  e.xperiments  for  the  precise  determination  of  more  critical 
ones.  Since  we  are  interested  in  the  parameteric  study,  the  values  of  different  parameters  used 
is  of  less  significance.  The  range  of  values  of  material  parameters  considered  herein  is  probably 
more  than  that  likely  to  be  encountered  for  any  real  material.  We  have  assigned  the  following 
values  to  various  non-dimensional  material  and  geometric  parameters. 

2, »  1.505,  2.,  =  1.236,  m  =  5,  r,. »  l.O,  0*2.1  (4.1) 

Except  when  studying  the  effect  of  changes  in  the  melting  temperature  a  of  the  material,  it  was 
set  equal  to  1200®K.  The  variables  that  are  assigned  values  different  from  those  given  above  are 
so  indicated  in  the  figures,  along  with  their  new  values.  In  (4.1),  2r„  equals  the  length  of  the 
principal  axis  of  the  ellipsoidal  nose  in  the  r-direction. 

In  Fig.  4,  we  have  plotted  the  variation  of  the  normal  stress,  s*rain  rate  measure  7,  the 


Fig.  4.  Variation  of  /.  normal  stress,  the  tangential  speed,  and  the  temperature  rise  at  target  particles 
adjoining  the  penetrator  nose  surface  for  different  values  of  a. 
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tangential  speed,  and  the  temperature  rise  on  the  penetrator/target  interface  for  four  different 
values  of  or.  Note  that  these  variables  are  multipled  by  different  numbers  so  that  the  same 
vertical  scale  could  be  used.  As  expected,  the  normal  stress  on  the  target/penetrator  interface 
increases  with  an  increase  in  the  value  of  a.  However,  for  every  value  of  a  considered,  it  does 
drop  off  quite  rapidly  near  the  periphery  of  the  penetrator  nose,  and  seems  to  be  independent 
of  or  at  the  point  for  which  the  angle  6  =»  70®.  A  similar  behavior  at  0  =»•  45®  was  observed  by 
Batra  [19]  for  the  Litonski-Batra  flow  rule.  The  values  of  /  for  0<4O®  and  0  a  70®  increase 
with  an  increase  in  the  value  of  a,  but  at  many  points  for  which  40®  <  0  <  70®,  they  exhibit  the 
opposite  trend.  As  the  penetration  speed  u©  is  varied,  the  dimensional  values  of  /  change  more 
than  the  non-dimensional  ones,  since  the  latter  need  to  be  multipled  by  Vo/ro  to  obtain  the 
former.  The  same  is  true  about  the  tangential  speed  on  the  target/penetrator  interface. 
However,  with  an  increase  in  the  value  of  a,  the  tangential  speed  increases  at  points  on  the 
target/penetrator  interface  that  are  near  the  axial  line,  but  decreases  at  points  near  the 
nose  periphery.  It  would  appear  from  the  distributions  of  the  normal  stress  and  I  on  the 
penetrator/target  interface  that  the  temperature  rise  at  target  panicles  abutting  the  penetrator 
nose  should  increase  with  an  increase  in  the  value  of  a.  However,  the  temperature  rise  at  the 
nose  surface  decreases  with  an  increase  in  the  penetration  speed,  because  at  higher  speeds,  the 


Fig.  5.  Dependence  of  the  axial  resisting  force  upon  various  parameters. 
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heat  loss  due  to  convection  increases  significantly.  A  similar  trend  in  the  temperature 
distribution  was  computed  by  Batra  [19]  with  the  Litonski-Batra  how  rule. 

The  axial  resisting  force  F  is  given  by 


Jrfi/2 

(n*<ni) 
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cos  <p  sin  g[sin^  6  4-  (l/r^)*cos‘  SY^ 
[sin^  6 +  (l/r^ )‘cos‘ 
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cos  (p 


ziti 
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where  the  angle  6  is  defined  in  Fig.  1,  and  (r,  z)  are  the  coordinates  of  a  point  on  the 
penetrator/target  interface.  The  corresponding  axial  force  in  physical  units  is  given  by 
(.Troao)F.  We  note  that  the  expression  given  by  Batra  [19]  for  the  axial  force,  except  for  the 
hemispherical  nose  shape,  is  in  error.  The  dependence  of  the  axial  force  upon  or  is  exhibted  in 
Fig.  5;  the  axial  force  depends  upon  or  rather  weakly,  and  the  relation  between  the  two  is 


Fig.  6.  Dependence  of  the  temperature  rise,  I,  a.,,  and  v,  at  target  particles  on  the  axial  line  upon  a. 
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nearly  afifine.  Because  of  the  increase  in  F  with  or,  for  the  same  initial  kinetic  energies  of 
penetrators,  those  moving  at  higher  speeds  will  give  lower  values  of  the  penetration  depth. 

The  variation  of  the  temperature  rise  6,  /,  and  v,  along  the  axial  line  for  the  four 
different  values  of  a  considered  is  shown  in  Fig.  6.  These  plots  vividly  reveal  that  severe 
deformations  of  the  target  occur  in  the  vicinity  of  the  target/penetrator  interface.  The  values  of 
/  and  6  drop  to  zero  rather  quickly,  and  stay  at  zero  for  z  a2.0.  This  ensures  the  adequacy  of 
the  region  considered.  The  values  of  decay  slowly,  mainly  because  the  hydrostatic  pressure 
which  contributes  noticeably  to  drops  off  slowly. 

Figure  7  depicts  the  distribution  of  the  tangential  speed,  normal  stress,  temperature  rise,  and 
/on  the  target/penetrator  interface  for  several  values  of  m.  For  larger  values  of  m,  the  value  of 
22  appraches  the  saturation  value  2,  for  smaller  values  of  the  plastic  work  density  W.  At  a  target 
particle  abutting  the  penetrator  nose,  the  values  of  the  normal  stress  and  the  temperature  rise 
increase  monotonically  with  an  increase  in  the  value  of  m,  those  of  I  do  not  show  any  definite 
trend.  The  values  of  the  tangential  speed  do  not  change  that  much  when  m  is  varied.  The 


Fig.  7.  Effect  of  m  on  the  normal  stress,  tempeature  rise,  and  /  at  target  particles  on  the  penetrator 

nose  surface. 
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Fig.  9.  Effect  of  a  on  the  normal  strc5s.  temperature  rise,  and  /  at  target  particles  on  the  penetrator 

nose  surface. 


adjacent  to  the  penetrator  nose  surface.  Whereas  both  the  normal  stress  and  /  increase  with  an 
increase  in  the  value  of  a,  the  temperature  rise  at  a  point  does  not  show  any  clear  trend.  The 
values  of  the  tangential  speed  seem  to  be  unaffected  by  the  value  of  a.  Higher  values  of  a  imply 
that  the  material  will  thermally  soften  less  for  the  same  temperature  rise.  Consequently,  it  will 
offer  more  resistance  to  penetration  as  suggested  by  the  larger  values  of  the  normal  force  acting 
on  the  target/penetrator  interface.  The  axial  resisting  force  experienced  by  the  penetrator 
keeps  on  increasing  with  a,  but  the  rate  of  increase  drops  off  at  larger  values  of  a. 

The  distribution  of  the  normal  stress,  strain-rate  measure  /,  and  the  tangential  speed  at 
target  particles  abutting  the  penetrator  nose  surface  for  three  different  nose  shapes,  i.e. 
r„lro  =  2.Q,  1.0,  and  0.5,  is  plotted  in  Fig.  10.  The  curves  representing  the  normal  stress 
distribution  when  r„/ro  =  2.0  and  1.0  have  curvature  of  opposite  signs.  For  the  penetrator  nose 
shape  with  r„/ro=*0.5,  the  normal  stress  changes  very  little  over  the  region  10®  :s  0^45®.  At 
any  particular  location  on  the  penetrator  nose  surface,  the  tangential  speed  decreases  with  a 
decrease  in  the  value  of  r„/ro.  For  the  long  tapered  nosed  penetrator,  the  strain-rate  measure  / 
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Fig.  10.  Effect  of  nose  shape  on  the  normal  stress,  strain^rate  measure  I,  and  the  tangential  speed  at 
target  particles  on  the  penetrator  nose  surface. 


assumes  its  peak  value  at  a  target  particle  near  the  stagnation  point.  For  a  somewhat  blunt 
nosed  penetrator,  the  strain-rate  measure  /  stays  constant  over  most  of  the  penetrator  nose 
surface,  and  increases  near  the  nose  periphery.  We  recall  that  the  results  [19]  computed  with 
the  Litonski-Batra  flow  rule  agree  qualitatively  with  the  ones  given  in  Fig. .  10.  For  the 
Bodner-Partom  flow  rule,  the  convergence  of  the  solution  for  the  case  when  r„/ro-0.2 
necessitated  an  increase  in  the  value  of  Do,  presumably  because  the  peak  value  of  I  near  the 
nose  periphery  approached  Dq  and  the  term  ln(Do//)  in  the  denominator  of  the  right-hand  side 
of  equation  (2.21)  became  negative,  and  the  denominator  in  equation  (2.21)  could  not  be 
evaluated.  Thus,  results  for  this  case  are  not  included  herein.  One  way  to  get  around  this 
problem  is  to  increase  Dq.  Results  plotted  in  Fig,  11  reveal  that  at  target  particles  on  the  axial 
line,  the  rate  of  decrease  of  (~a„)  and  I  with  the  distance  from  the  penetrator  nose  tip 
becomes  less  as  the  value  of  r„/ro  is  decreased.  For  the  somewhat  blunt  nosed  penetrator 
(r„/ro  =  0.5),  the  target  particles  deform  less  severely,  but  more  of  the  target  material  is 
deformed  as  compared  to  that  for  the  long  tapered  nosed  penetrator. 
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Oistance  from  the  nose  tip 

Fig.  11.  Distribution  of  I,  and  the  axial  speed  at  target  particles  on  the  axial  line  for  three 

different  nose  shapes. 

The  axial  resisting  force  acting  on  the  pcnetrator  increases  sharply  as  r„/ro  is  decreased  from 
2.0  to  0.5;  this  is  plotted  in  Fig.  5.  Figure  12  depicts  the  variation  of  the  axial  speed  of  the 
target  material  flowing  rearward  and  instantaneously  lying  on  the  planes  2=0  and  z  =  -1.0. 
It  is  clear  that  the  target  material  adjacent  to  the  sides  of  the  penetrator  appears  to  extrude  rear¬ 
ward  as  a  uniform  block  that  is  separated  from  the  bulk  of  the  stationary  target  by  a  relatively 
narrow  region  with  a  sharp  velocity  gradient.  This  calculation  of  backward  extrusion  of  a  uniform 
block  provides  a  partial  justification  to  the  velocity  field  assumed  by  Ravid  and  Bodner  [7]  in 
their  work  involving  penetration  of  targets  of  finite  thickness.  There  is  no  experimental  data 
available  in  the  open  literature  that  proves  or  disproves  the  validity  of  results  presented  herein. 


5.  CONCLUSIONS 

We  have  studied  thermomechanical  deformations  of  a  thick  viscoplastic  target  being 
penetrated  by  a  long  rigid  cylindrical  pcnetrator.  Results  computed  when  the  target  material  is 
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modeled  by  the  Litonski-Batra  flow  rule  or  the  Bodner-Partom  flow  rule  agree  with  each  other 
qualitatively,  but  differ  quantitatively.  The  material  constants  in  the  two  constitutive  relations 
were  determined  by  requiring  that  the  shear  stress-shear  strain  curve  in  overall  adiabatic 
simple  shearing  deformations  of  a  block  made  of  the  target  material  were  essentially  similar. 
We  note  that  the  method  used  to  determine  the  parameter  values  is  not  unique.  The 
~  quantitative  difference  in  the  results  computed  with  the  two  flow  rules  could  also  be  due  to  the 
more  complex  state  of  deformations  prevailing  in  the  target  than  that  in  the  simple  shearing 
problem.  The  peak  hydrostatic  pressure  for  the  Bodner-Partom  flow  rule  is  considerably  more 
than  that  computed  with  the  use  of  the  Litonski-Batra  flow  rule. 

We  have  also  investigated  the  effect  of  the  variation  in  the  values  of  various  parameters 
appearing  in  the  Bodner-Partom  flow  rule.  The  range  of  values  of  parameters  considered  is 
^  more  than  that  likely  to  be  determined  for  one  material.  It  is  found  that  all  of  the  parameters 
appearing  in  the  Bodner-Partom  flow  rule  influence  strongly  the  deformations  of  the  target, 
y  Significant  deformations  of  the  target  occur  at  target  particles  ahead  of  the  penetrator  nose, 
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and  distant  less  than  one  penetrator  diameter  from  the  penetrator  nose  surface.  More  severe 
deformations  occur  at  target  particles  in  the  vicinity  of  the  stagnation  point  for  a  long  tapered 
nosed  penetrator  than  for  other  nose  shapes.  However,  for  a  blunt  nosed  penetrator,  severest 
deformations  occur  at  target  particles  near  the  nose  periphery. 
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Summary  — We  study  the  steady  state  a\i>>mmetne  deformations  of  a  thick  target  being  penetrated 
by  a  rigid  cylindrical  penetrator  vMth  a  nemi->pherical  nose  and  use  three  different  constitutive 
relations,  namely,  the  Litonski-Baira  t1o\s  rule,  the  Bodner-  Partom  flow  rule,  and  the  Brow  n- Kim - 
Anand  flow  rule,  to  model  the  thermoclastic-viscoplastic  response  of  the  target.  Each  of  these 
constitutive  relations  uses  an  internal  variable  to  account  for  the  microstructural  changes  in  the 
bodv.  The  three  flow  rules  are  calibrated  to  give  virtually  identical  effective  stress-logarithmic 
strain  curves  during  the  overall  adiabatic  plane  strain  compression  of  a  block  of  the  target  material 
deformed  at  an  average  strain  rate  of  .^3(Xis' '.  It  is  found  that  the  three  constitutive  relations  give 
nearly  the  same  value  of  the  resisting  force  acting  on  the  penetrator.  temperature  rise  of  material 
particles  in  the  vicinity  of  the  target -penetrator  interface,  and  other  macroscopic  measures  of 
deformation,  such  as  the  ctTective  stress  and  logarithmic  strain  rate. 


I.  INTRODUCTION 

During  the  penetration  of  a  thick  target  by  a  fast  moving  cylindrical  rod.  severe  deformations 
of  the  target  and  penetrator  cause  the  temperature  of  the  material  particles  in  the  vicinity 
of  the  target-  penetrator  interface  to  rise  by  a  significant  amount.  Also,  strain  rates  prevailing 
in  this  region  are  of  the  order  of  lO"  s"  *.  Constitutive  relations  that  are  valid  over  a  wide 
range  of  strains,  strain  rates  and  temperatures  are  presently  being  developed  by  various 
research  groups.  This  task  is  very  challenging  because  different  deformation  mechanisms 
(for  example.  [  1  ] )  are  active  at  various  temperatures  and  strain  rates,  and  the  mechanisms 
themselves  (e.g.  thermally  activated  motion  of  dislocations,  diffusion,  phonon  drag  motion) 
are  temperature  and  time  dependent.  .Another  complicating  factor  is  the  microstructural 
changes  such  as  the  generation  annihilation  of  dislocations,  development  of  texture, 
dynamic  recovery  and  recrystallization,  nucleaiion  and  growth  of  micrccracks  and  voids, 
and  the  development  of  shear  bands,  that  occur  during  the  plastic  deformation  of  the 
material.  One  way  to  account  for  these  microstructural  changes  at  a  macroscopic  level  is 
to  use  the  theory  of  internal  variables  proposed  by  Coleman  and  Gurtin  [2].  Chan  et  al. 
[3]  have  summarized  more  than  10  such  constitutive  relations  valid  for  small  strains. 
Many  more  are  given  in  the  review  article  by  Inoue  [4]  and  the  book  by  Lubliner  [5]. 

Here  we  use  three  constitutive  relations,  namely,  the  Litonski-Batra  flow  rule  [6],  the 
Bodner-Partom  flow  rule  [7],  and  the  Brown -Kim -.Anand  flow  rule  [8]  to  model  the 
thermoeiastic- viscoplastic  response  of  the  elastic -viscoplastic  target.  For  simplicity  we 
assume  that  the  penetrator  is  rigid,  and  steady  state  as  seen  by  an  observer  situated  at  the 
penetrator  nose  tip  has  been  reached.  Each  of  the  aforestated  three  flow  rules  employs  an 
internal  variable  to  account  for  the  microscopic  deformations,  and  does  not  employ  a  yield 
surface.  The  material  parameters  in  these  constitutive  relations  have  been  evaluated  by 
solving  numerically  an  initial-boundary-value  problem  corresponding  to  the  plane  strain 
compression  of  a  block  made  of  the  target  material  being  deformed  at  an  average  strain 
rate  of  3300  s' ‘  and  ensuring  that  the  effective  stress-logarithmic  strain  cun’es  for  the 
three  constitutive  relations  are  nearly  identical.  With  these  values  of  material  parameters, 
steady  state  axisymmetric  deformations  of  the  target  have  been  analysed  and  various 
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quantities,  such  as  the  axial  resisting  force  experienced  by  the  penetrator  and  the  pressure 
distribution  on  the  penetrator  nose  surface,  have  been  computed. 

We  note  that  Batra  and  Adam  [6]  conducted  such  a  study  for  the  Litonski-Batra  and 
the  Bodner-Partom  flow  rules.  They  evaluated  the  material  parameters  by  comparing  the 
response  of  the  target  material  deformed  in  simple  shear.  With  the  values  of  material 
parameters  so  determined,  they  found  that  the  Bodner-Partom  law  gave  a  very  high  value 
of  the  hydrostatic  pressure  at  the  target- penetrator  interface  as  compared  to  that  given 
by  the  Litonski-Batra  flow  rule.  However,  in  the  present  study,  all  three  flow  rules  give 
essentially  the  same  value  of  the  hydrostatic  pressure  and  hence  the  axial  resisting  force 
experienced  by  the  penetrator. 

The  present  work  is  a  continuation  of  the  one  initiated  by  Batra  and  Wright  [9]  with 
the  goal  of  providing  some  guidelines  for  selecting  and  improving  upon  the  previously 
used  kinematically  admissible  fields  in  engineering  models  of  penetration.  Subsequently, 
Batra  and  co-workers  [  10- 18]  have  analysed  various  aspects  of  the  steady  state  penetration 
process.  The  reader  should  consult  the  review  articles  by  Backman  and  Goldsmith  [19], 
Wright  and  Frank  [20],  and  Anderson  and  Bodner  [21],  and  books  by  Blazynski  [22], 
MaCauley  [23]  and  Zukas  et  al.  [24]  to  gain  a  comprehensive  view  of  the  work  completed 
on  the  penetration  problem.  The  engineering  models  proposed  by  Tate  [25-28]  and 
Alekseevskii  [29]  for  the  steady  state  penetration  problem  have  been  found  very  useful  by 
ballisticians.  Batra  and  Chen  [30]  selected  a  kinematically  admissible  field  based  upon 
the  numerical  studies  of  Batra  et  al.  alluded  to  above,  and  proposed  an  engineering  model 
of  steady  state  deformations  of  a  viscoplastic  target. 


Z  FORMULATION  OF  THE  PROBLEM 


We  use  a  cylindrical  coordinate  system  with  origin  attached  to  the  center  of  the 
hemispherical  penetrator  nose,  moving  with  it  at  a  uniform  speed  Tq.  and  positive  r-axis 
pointing  into  the  target,  to  describe  the  thermomechanical  deformations  of  the  target.  We 
note  that  target  deformations  appear  to  be  steady  to  an  observer  situated  at  the  penetrator 
nose  lip  and  moving  with  it.  Equations  governing  the  target  deformations  and  written  in 
the  Eulerian  description  of  motion  are  the  following. 

Balance  of  mass 

div  t  =  0  ( 1 ) 

Balance  of  linear  momentum 


div^  =  p(i:-grad)t: 

Balance  of  internal  energy 

-div^  +  =:  p(C‘grad)U 

where  JQ  =s  (grad  +  (grad  i:)^)/2,  (grad  t  —  (grad  r)^)/2 

q  -  -k  grad  9  / 

U^c9  / 

7  =  -Pi  +  5  / 

i=^2C{Q^Qn  ^ 

i  =  (fgrad){  +  5IF- / 
S^2fiiI,9,iP)Q^ 


(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 
(9) 

JIO) 

(11 


Here  v  is  the  velocity  of  a  material  particle,  q  the  Cauchy  stress  tensor  at  the  pr€seiu____^ 
location  of  a  material  particle,  p  the  mass  density,  q  the  heat  flu.x,  Q  the  stretching  tensor. 
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and  \y  the  spin  tensor.  Equation  (5)  is  the  Fourier  law  of  heat  conduction  with  k  the 
thermal  conductivity  assumed  here  to  be  a  constant,  and  B  the  temperature  of  a  material 
particle  in  *C.  Equation  (6)  is  the  constitutive  relation  for  C/.  and  (8)  for  the  deviatoric 
stress  tensor  j,  defined  by  Eqn  (7),  where  p  is  the  hydrostatic  pressure  not  determined  by 
the  history  of  the  deformation,  since  the  deformations  are  assumed  to  be  isochoric.  Equation 
(8)  is  Hooke's  law  written  in  the  rate  form,  and  is  based  on  the  assumption  that  the  strain 
rate  {Q)  has  additive  decomposition  into  elastic  (jp‘)  and  plastic  1^)'’)  parts.  The 
superimposed  open  circle  on  |  indicates  its  Jaumann  derivative,  which  for  steady  state 
deformations  is  given  by  the  right-hand  side  of  (9).  We  recall  that  Pidsley  [31]  used  the 
ordinary  time  derivative  of  5  in  Eqn  (8).  which  is  not  frame-indifferent,  and  equals  the  first 
term  on  the  right  hand  side  of  (9)  for  steady  state  deformations.  Equation  ( 10)  is  the  flow 
rule,  and  the  expression  for  p,  wherein  ij/  is  an  internal  parameter,  depends  upon  the  flow 
rule  employed.  In  order  to  complete  formulation  of  the  problem,  we  need  to  specify  the 
form  of  p.  the  evolution  equation  for  ip.  and  the  pertinent  boundary  conditions.  We  first 
give  details  of  the  three  constitutive  relations. 

Litonski-Batra  flow  rule 


-^(  I  +  bin  1  -  ce)(  1 + — ) 
v'3/  V  *0/ 


(Ill) 


Bodner- Partom  flow  rule 


0  = 


triqQ^ 


2p(/.0.VF) 


(12.2) 


(13.1) 


Z,  »  Zi  +  (Z3  —  Zj)exp(  -rnH'^Zj) 
1  r=  273  +  e 


(13.2) 

(13.3) 


W=tr(qQn  (13.4) 

Brown-Kim-Anand  flow  rule 

2p(/.  0,  c/)  = -^sinh"M<^'^).  (14.1) 

0  =  (i-)e.xp(  — ).  r=  273  +  d  (14,2) 

\A/  \RTJ 

g  =  (14.3) 

=  (14.4) 


The  constitutive  relation  (12),  proposed  by  Batra  [14],  incorporates  and  generalizes  that 
suggested  by  Litonski  [32]  for  simple  shearing  deformations.  Batra  and  co-workers 
[6,14,16]  have  used  it  to  study  thermomechanical  penetration  problems,  and  the  initiation 
and  growth  of  shear  bands  in  viscoplastic  materials.  In  it  <7q  is  the  yield  stress  in  a  quasistatic 
simple  compression  test,  the  material  parameters  b  and  m  characterize  the  strain  rate 
sensitivity  of  the  material,  v  its  thermal  softening,  and  ipo  and  n  the  strain  hardening  of 
the  material.  With  ij/  interpreted  as  the  plastic  strain 


c  — 


(15) 
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describes  the  stress-strain  curve  in  a  quasistatic  simple  compression  test.  In  a  dynamic 
test,  the  effect  of  the  history  of  deformation  upon  the  present  state  of  deformation  is 
accounted  for  through  the  parameter  tp.  The  linear  dependence  of  the  <1ow  stress  upon  the 
temperature  rise  has  been  used  by  Tate  [33]  in  the  analysis  of  a  r^iietration  problem,  and 
has  been  observed  by  Bell  [34],  Lin  and  Wagoner  [35]  and  Lindholm  and  Johnson  [36]. 
Should  the  temperature  of  a  material  point  exceed  l/t*  so  as  to  make  /i  negative,  we  set 
/4  »  0.  Thus,  the  material  point  behaves  like  an  incompressible  fluid  tor  0'^  \  !i\  However, 
the  latent  heat  required  for  the  phase  transformation  to  occur  is  not  accounted  for  in  our 
work.  We  add  that  for  the  problem  studiea  herein,  the  maximum  temperature  at  any  point 
in  the  deforming  target  region  never  reached  l/i*. 

In  Eqns  ( 13.1 )-( 13.4),  Tis  the  absolute  temperatuie  of  a  material  particle,  the  internal 
variable  IVequals  the  plastic  work  done.  Dq  is  the  limiting  value  of  the  plastic  strain  rate 
and  is  usually  assigned  a  large  value,  the  material  parameter  m  characterizes  the  rate  of 
work  hardening  and  n  is  the  strain  rate  sensitivity  parameter.  In  Eqn  (13.2),  equals  the 
hardening  at  zero  inelastic  strain,  and  Z,  is  the  limit  or  saturation  value  of  the  work 
hardening  of  the  material.  We  set  a  equal  to  the  melting  temperature  of  the  material,  and 
we  need  to  specify  Dq,  d,  Zj.  Z3  and  m  to  characterize  the  material.  Once  T equals  d.  we 
set  =  0,  analogous  to  what  we  did  for  the  Litonski-Batra  flow  rule.  However,  for  problems 
studied  herein,  the  temperature  at  a  point  never  reached  the  melting  temperature  of  the 
material. 

In  the  Brown-Kim-Anand  flow  rule  described  by  Eqns  ( 14.1 )-( 14.4).  A  is  called  the 
pre-exponential  factor,  Q  the  activation  energy,  R  the  gas  constant,  m  the  strain  rate 
sensitivity  parameter,  ho  a  constant  rate  of  athermal  hardening,  and  g*  equals  the  saturation 
value  of  associated  with  a  given  temperature  strain  rate  pair.  Thus,  g  never  exceeds  g*. 
In  order  to  characterize  the  material,  we  need  to  specify  m.  A,  Q,  R,  ho.  g*.  d.  t/  and  h. 

We  nondimensionalize  variables  by  scaling  stress-like  quantities  by  (Xf,.  length  variables 
by  Tq,  time  by  (ro/t’ok  and  the  temperature  by  the  reference  temperature  0^.  defined  by 

0,^^.  (16) 

pc 

Here  Tq  equals  the  radius  of  the  cylindrical  part  of  the  penetrator.  Substituting  for  i  from 
(9)  into  (8),  and  rewriting  the  result  and  Eqns  ( 1  )-(3)  in  terms  of  nondimensional  variables 
we  arrive  at  the  following  set  of  equations. 

divf^O  (17.1) 

-gradp  +  div5  =  xff'grad)^;  (17.2) 

5  +  /?•/(( f  grad )i'  -f-  jlk'-  =  2(iD  ( 17.3) 

triqD^)  +  ()div(grad  f^)  =  (fgradiy  ( 17.4) 


p  =  ■,-  =  ^and,5 - ^  (18. 

(Jq  <^0^0  ^  P^^'O^O 

arc  nondimensional  numbers.  Henceforth  we  will  use  nondimensional  variables  only.  Note 
that  a,  7  and  6  are  constants  for  the  given  problem,  but  [i  varies  from  point  to  point  in 
the  deforming  region.  The  value  of  2  signifies  the  influence  of  inertia  forces  relative  to  the 
flow  stress  of  the  material,  those  of  y  and  6  give  the  effect  of  material  elasticity  and  the 
heat  conduction,  respectively.  For  most  metals,  y  is  of  the  order  of  10“^,  and  it  equals 
zero  for  a  rigid  perfectly  plastic  material.  The  value  of  the  Weissenberg  number  (/?y)  varies 
from  10"^  to  lO"*  in  the  deforming  region.  For  typical  penetration  problems  involving  long 
rod  penetrators.  6  is  of  the  order  of  10”  hence,  the  target  deformations  may  be  considered 
adiabatic.  The  form  of  flow  rules  in  terms  of  nondimensional  variables  rernains  unaltered. 

Because  of  our  inability  to  solve  analytically  nonlinear  Eqns  (17),  we  seek  their 
approximate  solution  by  the  finite  element  method.  Accordingly,  we  consider  deformations 
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Fig.  1.  The  finite  region  studied  and  its  discretization. 


of  the  finite  target  region  shown  in  Fig.  1  and  impose  on  it  the  following  boundary  conditions. 


C(?n)  =  0  on  Fj.  (19.1) 

on  n.  (19.2) 

^•ri  =  h^(0  -  on  Fj,  (19.3) 

c9 

G,.  =  0.  IV  *  0.  —  =  0  on  the  surface  AB.  (20.1 ) 

c: 


IV  0.  r.  =  —  1.  6  =  0.  =  0.  y  =  \.  p  =  0.  5^,  -  0.  -  0.  s..  =  0.  s,.  =  0 

on  the  bounding  surface  EFA.  (20.2) 

cd 

(T,.  =  0.  tv  =  0.  —  -  0  on  the  axis  of  symmetry  DE.  (20.3) 

cr 

Here  n  and  {  are.  respectively,  a  unit  normal  and  a  unit  tangent  vector  to  the  surface.  9, 
is  an  average  temperature  of  the  penetrator.  and  h.  is  the  heat  transfer  coefficient  between 
the  penetrator  and  the  target,  and  F,  denotes  the  target -penetrator  interface.  Equation 
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( 19.1 )  implies  that  f,  is  smooth,  and  ( 19.2)  ensures  ihai  there  is  no  inierpeneiraiion  of  the 
target  material  into  the  penetrator  and  vice  versa.  The  boundary  conditions  (20.3)  are  due 
to  the  axial  symmetry  of  deformations.  That  the  region  R  studied  is  adequate  was  established 
by  increasing  the  size  of  the  region  in  both  r  and  r  direction  until  the  values  of  p.  c.  .s,  0 
and  (f/  at  points  on  Tj  differed  by  less  than  5%. 

Figure  1  depicts  the  final  region  R  so  obtained,  and  its  finite  element  discretization  used 
to  compute  the  results  presented  below.  We  note  that  enlarging  the  region  ahead  of  the 
penetrator  from  19  to  20r^  changed  the  value  of  ils!!  by  a  maximum  of  4.7%  and  of 
pressure,  p,  by  2.7%,  increasing  the  target  region  behind  the  penetrator  nose  from  17  to 
18ro  resulted  in  a  maximum  variation  in  i§!}  and  p  of  2.2%.  The  valui  of  other  variables 
changed  by  considerably  smaller  amounts.  When  the  target  region  R  was  divided  into  700, 
9CK)and  1250  elements  proportioned  as  shown  in  Fig.  1.  the  peak  values  of  the  temperature 
rise  at  any  node,  and  the  pressure  and  the  strain  rate  measure  /  at  the  centroid  of  an 
element  were  found  to  be  (12.07.  3.42,  1.38).  (12.17.  3.69.  1.52)  and  (12.10,  3.67.  1.53), 
respectively.  Results  presented  belo\^  are  for  a  finite  element  mesh  with  1250  elements. 

We  refer  the  reader  to  [37  ]  for  details  of  obtaining  a  finite  element  solution  of  the  problem. 

3.  NUMERICAL  RESULTS 

3.1.  Determination  of  material  parameters  for  the  three  flow  rules 

In  order  to  compute  predictions  from  the  three  flow  rules  for  the  penetration  problem, 
we  first  need  to  calibrate  them  against  the  same  test.  Since  the  experimental  data  for  a 
typical  target  material  over  the  ranges  of  strain  rates  and  temperature  changes  likely  to 
occur  in  a  penetration  problem  is  not  available  in  the  open  literature,  we  consider  a 
hypothetical  simple  compression  test.  The  code  developed  by  Batra  and  Liu  [38]  to  analyse 
the  plane  strain  thermomechanical  deformations  of  a  viscoplastic  body  obeying  the 
Litonski- Batra  flow  rule  was  modified  to  include  the  Bodner-  Partom  and  the  Brown-Kim- 
Anand  viscoplastic  models.  The  same  initial-boundary  value  problem  corresponding  to 
the  plane  strain  simple  compression  of  a  viscoplastic  block  being  deformed  at  an  average 
strain  rate  of  33(X)s“‘  was  solved  with  each  of  the  three  flow  rules.  The  value  of  each 
material  parameter  was  changed  in  turn  to  assess  the  sensitivity  of  the  effective  deviatoric 
stress  5,  vs  strain  curve.  Here 


5e  =  (21) 


/  and  Iq  being  the  current  and  reference  heights  of  the  block.  The  values  of  material 
parameters  determined  so  that  the  vs  f.^  curves  for  the  three  constitutive  relations  almost 
matched,  as  shown  in  Fig.  2,  are  listed  below. 

(a)  The  Litonski- Batra  (LB)  flow  rule: 

6=  10s.  1.2  X  10■^'X.  iAo  =  0.1,  m  =  0.0I.  n  =  0.13. 

(b)  The  Bodner- Partom  (BP)  flow  rule: 

3.3  X  lOS'L  d=  1800K.  Z3  =  50MPa.  Zi=  650MPa,  w  =  0.05. 

(c)  The  Brown-Kirn- Anand  (BKA)  flow  rule: 

/I  =  6.346  X  10‘5s‘‘.  g  =  275kJ/mole.  ^  =  405MPa.  /jo  =  5000MPa, 

'  =  3.25,  m  =  0.1,  ff=  0.002,  5=1.5. 

Values  of  geometric  and  other  material  parameters  that  are  independent  of  the  constitutive 
relation  employed  are: 

p  =  7860kg/m^  <7o  =  405  MPa.  G  =  80GPa,  c  =  473J/kg^C,  k  =  50W/m^C, 

A  =  20W,m*X,  0^-0,  ro  =  10mm. 
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Fig.  2,  The  effective  stress  VS  logarithmic  strain  curves  for  the  three  constitutive  relations  for  a 
viscoplastic  block  deformed  in  plane  strain  compression  at  an  average  strain  rate  of  3300  s~'. 


We  note  that  the  initial-boundary-value  problem  solved  to  compute  the  vs  curve  is 
highly  nonlinear,  and  its  solution  may  not  be  unique. 

The  aforestated  values  are  used  in  studying  the  penetration  problem  whose  results  are 
discussed  below. 

3.2.  Comparison  of  results  for  the  penetration  problem  from  the  three  constitutive  relations 

Figure  3  depicts  the  distribution  of  the  normal  stress,  temperature  rise  and  the  tangential 
speed  on  the  penetrator  nose  surface  and  the  strain  rate  measure  /  at  the  centroids  of 
elements  abutting  the  nose  surface  for  a  =  10,  which  corresponds  to  the  penetrator  speed 
of  718  m/s.  In  these  and  subsequent  plots,  the  values  of  various  quantities  have  been  divided 
by  a  factor  so  that  the  curves  fit  on  the  same  graph.  For  the  values  of  material  parameters 
used  herein,  the  reference  temperature  6^,  used  to  nondimensionalize  the  temperature  rise, 
equals  108.9X.  The  values  of  the  tangential  speed  and  the  strain  rate  measure  /  for  the  three 
models  are  nearly  the  same.  However,  the  value  of  the  normal  stress  and  the  temperature 
rise  computed  with  the  BP  model  is  more  than  that  for  the  other  two  models.  The  value 
of  the  temperature  rise  at  every  point  on  the  nose  surface  as  computed  with  the  BKA  flow 
rule  is  more  than  that  found  with  the  LB  model,  but  less  than  that  determined  by  using 
the  BP  flow  rule.  The  maximum  difference  between  the  temperature  rise  computed  at  any 
point  on  the  nose  surface  with  the  three  flow  rules  is  nearly  30''C  for  an  average  temperature 
rise  there  of  4(X)X.  One  reason  for  the  temperature  being  essentially  uniform  over  the 
nose  surface  is  that  heat  is  transferred  mainly  by  convection,  since  the  value  of  S  in  Eqn 
(17.4)  equals  1.9  x  10"*.  The  BP  flow  rule  gives  the  highest  value  of  the  normal  stress  on 
the  nose  surface  among  the  three  flow  rules  because  the  pressure  computed  with  it  is  the 
highest.  For  example,  the  pressure  at  the  stagnation  point  equalled  1107  and  12.67  for 
the  LB  and  the  BP  flow  rules,  respectively.  The  ncndimensional  axial  resisting  force 
experienced  by  the  penetrator  was  found  to  be  8,19.  8.84  and  8.26  for  the  LB,  BP  and 
BKA  flow  rules,  respectively. 

We  recall  that  Batra  and  Adam  [6]  used  the  material  parameters  determined  by  Batra 
and  Kim  [39],  who  evaluated  them  by  ensuring  that  the  computed  shear  stress-shear 
strain  curve  during  overall  adiabatic  simple  shearing  deformations  of  a  viscoplastic  block 
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Fig.  3.  Comparison  of  the  variation  of  normal  stress,  strain  rate  measure,  tangential  speed,  and 
the  temperature  nse  at  target  particles  abutting  the  penetrator  nose  surface  for  the  three  constitutive 

relations. 


defomied  at  an  average  strain  rate  of  3300$“^  matched  well  with  the  experimental  curve 
of  Marchand  and  Duffy  [40]  for  a  HY-lOO  structural  steel.  Batra  and  Adam  [6]  found 
that  for  a  =  4.5,  the  peak  pressure  at  or  near  the  stagnation  point  equalled  18.71  and 
30.16,  respectively,  for  the  LB  and  BP  flow  rules.  Also,  the  values  of  the  tangential  speed 
and  the  strain  rate  measure  I  at  points  on  the  target-penetrator  interface  were  not  as  close 
as  that  found  in  the  present  case.  The  BP  flow  rule  predicted  considerably  higher  values 
of  the  normal  stress,  mainly  because  of  the  significantly  higher  value  of  the  hydrostatic 
pressure,  and  also  of  the  temperature  rise  as  compared  to  that  for  the  LB  flow  rule.  When 
G  was  set  equal  to  infinity  and  material  parameters  assigned  values  used  by  Batra  and 
Adam  in  the  present  code,  the  peak  pressure  with  the  BP  flow  rule  was  found  to  be  twice 
that  with  the  LB  flow  rule  for  a  =  4.5.  We  note  that  the  target  region  analysed  herein  is 
more  than  that  studied  by  Batra  and  Adam,  and  the  problem  formulation,  as  well  as  the 
finite  clement  meshes  used,  is  different. 

We  have  plotted  in  Fig.  4  the  variations  of  the  axial  stress  (  the  temperature  rise 
9.  and  the  axial  velocity  (— c.)  on  the  axial  line,  and  the  strain  rate  measure  /  at  the 
centroids  of  elements  adjoining  the  central  line  of  symmetry  for  the  three  different 
constitutive  relations  studied  herein.  As  for  the  distribution  on  the  target -penetrator 
interface,  the  curves  for  the  a,xial  velocity  and  the  strain  rate  measure  are  hardly 
distinguishable  from  each  other  for  the  three  constitutive  relations.  There  is  not  that  much 
difference  in  the  computed  values  of  the  temperature  rise,  but  the  axial  stress  computed 
with  the  BP  model  differs  somewhat  from  that  computed  with  the  other  two  models, 
primarily  due  to  the  difference  in  the  computed  values  of  the  hydrostatic  pressure.  These 
plots  reveal  that,  at  least  along  the  axial  line,  significant  deformations  occur  at  target 
particles  situated,  at  most,  one  penetrator  diameter  from  the  target-penetrator  interface. 
The  values  of  (1,9)  at  the  stagnation  point,  i.e.  penetrator  nose  tip,  are  found  to  be 
(1.52,3.53),  (1.52.3.80)  and  (1.53.3.67)  for  the  LB,  BP  and  BKA  flow  rules,  respectively. 
Since  the  nondimensional  values  of  /  need  to  be  multiplied  by  (lo/ro)  to  get  their 
dimensional  counterparts,  it  is  obvious  that  peak  strain  rates  of  the  order  of  1.1  x  10’  s^‘ 
occurred  in  the  problem  studied  herein. 
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Fig,  4.  Comparison  of  the  variation  of  t  -(T-.L  (K  /  and  I  -r.)  on  the  axial  line  for  the  three 

constitutive  relations. 


Along  the  axial  line,  uniaxial  strain  conditions  prevail  approximately.  Thus,  the  magnitude 
of  the  deviatoric  stress  s..  at  a  point  on  the  axial  line  should  equal  2/3  the  effective  flow 
stress  defined  as 

(23) 

The  error  e  given  by 

e=  lOollfilLZlM  (24) 

is  plotted  in  Fig.  5.  The  maximum  error  of  2.5%  for  the  BP  model  suggests  that  the 
computed  results  satisfy  |S;.|  =  2/3  on  the  axial  line  reasonably  well.  The  error  decreases 
first  as  we  move  away  from  the  stagnation  point,  but  begins  to  increase  at  points  distant 
7ro  from  the  penetrator  nose  lip.  probably  because  plastic  deformations  there  are  negligibly 
small. 

An  integration  of  the  equation  of  motion  ( 1 7.2 )  along  the  central  streamline  ( r  =  0 )  gives 

+  p  -  s- -  2  I  ^^dr  =  -(7..I0).  (25) 

Jo 

Figure  6  shows  the  contribution  from  the  various  terms  for  x  =  10.  The  three  models  give 
nearly  the  same  value  of  the  kinetic  energy  term  (12  xr- ).  The  value  of  p  for  the  BP  model 
is  uniformly  more  than  that  for  the  other  two  models.  However,  the  value  of  s..  for  the 
three  models  is  approximately  the  same.  As  noted  by  Pidsley  [31  ]  and  Wright  [41  ].  there 
is  a  substantial  contribution  from  transverse  gradients  of  the  shear  stress,  unlike  that  for 
a  perfect  fluid. 

Setting  r  =  0  in  Eqn  (25)  and  comparing  it  with  Tate’s  Eqn  [27],  w-e  get 

where  R^  equals  the  strength  parameter  for  the  target  in  Tate’s  equation,  and  crL  is  the 
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Distance  from  the  nose  tip 


Fig.  5.  Percentage  error  of  s..  in  being  equal  to  on  the  axial  line. 


Distance  from  stagnation  point 

Fig.  6.  Contribution  of  various  terms  in  the  nondimensionalized  Bernoulli  equation  along  the 

central  stream  line. 


value  of  (T.;  at  the  stagnation  point.  Knowing  irt-  and  we  find  R^  and  arrive  at  the 
following 

K,  =  8.13  (7, ft  =  7.713,  for  the  LB  model.  (27.1) 

K.  =  7.50  (T.ff  ==  8.459,  for  the  BP  model.  (27.2) 

R,  6.57  (T,ft  =*  7.886.  for  the  BKA  model.  (27.3) 

Tate  [27]  gave 


where  £,  is  Young's  modulus  for  the  target  material.  Equation  (28)  gives  /?,  equal  to  6.64 
for  each  one  of  the  three  flow  rules.  Thus,  each  one  of  the  three  models  predicts  a  slightly 
higher  value  of  /?,  than  that  given  by  Tate.  For  an  elastic  perfectly  plastic  target, 
Jayachandran  and  Batra  [  10]  found  .R,  =  5.96,  and  that  its  value  depended  weakly  upon  a. 

We  have  plotted  in  Fig.  7  contours  of  the  hydrostatic  pressure  in  the  deforming  target 
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Fig.  7.  Contours  of  the  hydrostatic  pressure  m  the  deforming  target  region  for  three  different  flow 

rules. 


region  for  the  three  flow  rules.  It  is  dear  that  along  any  radial  line  the  pressure  drops  off 
more  slowly  for  the  BP  model  as  compared  to  that  for  the  other  two  flow  rules.  The 
contours  are  at  an  interval  of  1.0  and  the  contour  of  the  zero  hydrostatic  pressure  is  not 
plotted  in  order  to  concentrate  on  the  region  surrounding  the  target -penetrator  interface. 
For  each  flow  rule,  the  pressure  drops  off  to  nearly  3.0  at  the  nose  periphery  from  its  peak 
value  of  more  than  12  at  the  nose  tip.  However,  when  the  target  material  was  modeled  as 
elastic- perfectly  plastic  in  [10],  the  pressure  at  the  nose  tip  equalled  at  most  10  and 
dropped  off  to  nearly  2.0  at  the  nose  periphery.  The  consideration  of  strain-hardening, 
strain  rate  hardening,  and  thermal  softening  effects  has  resulted  in  an  increase  in  the 
computed  value  of  the  hydrostatic  pressure. 

In  the  constitutive  relations  employed  herein,  it  is  tacitly  assumed  that  a  material  point 
undergoes  elastic  and  plastic  deformations  simultaneously.  However,  points  on  the 
bounding  surface  EFA  where  5-0  cannot  be  deforming  plastically.  Here  we  classify  points 
for  which  the  stress  state  satisfies  the  condition 

=  (29; 

as  deforming  plastically,  and  those  for  which  the  stress  state  lies  inside  the  surface  (29)  as 
deforming  elastically.  The  elastic-plastic  boundary  thus  computed  and  obtained  by  joining 
points  on  the  surface  (29)  by  straight  line  segments  is  depicted  in  Fig.  8.  Ahead  of  the 
penetrator  nose  surface,  the  elastic-plastic  boundary  e.xtends  farthest  for  the  LB  model. 
The  distance  6.8  on  the  axial  line  of  the  elastic-plastic  boundary  for  the  BP  and  BKA 
models  is  about  the  same  as  that  found  when  the  target  material  is  presumed  to  be 
clastic -perfectly  plastic  [10].  Tate  [27],  by  using  a  solenoid  flow  model  and  assuming 
that  a  material  point  was  deforming  either  elastically  or  plastically,  found  that  the 
elastic- plastic  boundary  was  located  at  an  axial  distance  of  6.71,  which  compares  well 
with  the  presently  computed  results. 

For  steady  state  problems,  Tate  [28]  has  proposed  a  method  to  compute  the  components 
of  the  finite  strain  tensor  from  a  known  velocity  field.  He  found  the  contours  of  the 
circumferential  strain  to  be  nearly  parallel  to  the  crater  surface,  and  the  circumferential 
strain  at  a  point  distant  from  the  crater  tip  equal  to  0.05.  Here  we  define  a  scalar  measure 
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Fig.  S.  Eldsnc- plastic  boundary  m  the  deforming  target  region  for  three  different  flo\s  rules. 

£  of  Strain  by 

^  \  ®  ^  (30) 

V  ^ 

which,  because  of  the  steady  state  deformations,  can  be  written  as 

(i:  grad)£  =* -^r.  (31) 

v''3 

Wc  note  that  £  does  not  equal  an  invariant  of  any  finite  strain  tensor.  We  first  compute 
T from  the  velocity  field,  and  then  £  as  a  solution  of  Eqn  (31)  with  boundary  condition 
£  0  on  EFA.  The  contours  of  £  look  alike  for  the  three  flow  rules;  those  for  the  BP  model 

are  depicted  in  Fig.  9.  The  contours  off  are  virtually  parallel  to  the  crater  surface.  On  any 
radial  line.  £  drops  off  quite  rapidly  for  a  distance  of  Tq  from  the  crater  surface,  and  then 
quite  slowly.  Comparing  these  contours  of  £  with  the  elastic-plastic  boundary  plotted  in 
Fig.  8.  one  can  conclude  that  e  =  0.02  on  the  elastic-plastic  boundary!  The  contours  of  £ 
reveal  that  severe  deformations  of  the  target  spread  farther  to  the  side  than  ahead  of  the 
pcnctrator  nose.  At  points  on  the  target -penetrator  interface  £  =  3.0.  Since  no  failure 
criterion  is  included  in  our  work,  a  material  point  can  undergo  an  unlimited  amount  of 
deformation. 

3.3.  Histories  of  field  variables  for  target  particles 

The  results  discussed  heretofore  have  involved  the  spatial  distribution  of  field  variables. 
However,  in  order  to  establish  testing  regimes  for  target  materials,  it  is  useful  to  know  the 
histones  of  stress,  strain  rate,  temperature,  etc.  for  a  typical  target  panicle.  Accordingly, 
we  discuss  below  the  histories  of  field  variables  for  three  target  particles.  The  results  for 
the  three  models  arc  quite  similar  to  each  other.  Thus,  we  present  results  for  the  BKA 
model  only:  those  for  the  LB  model  have  been  given  by  Lin  and  Batra  [18].  The  computer 
code  developed  by  Lin  and  Batra  has  been  used  to  first  find  streamlines  originating  from 
a  spatial  location,  and  then  histories  of  field  variables  for  that  material  particle.  Henceforth, 
we  identify  the  history  of  a  field  variable  for  the  material  particle  that  once  occupied  the 
place  A  as  the  history  of  the  variable  for  the  material  particle  A. 
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FlO.  9.  Contours  of  strain  in  the  deforming  target  region  for  the  Bodner-Partom  flow  rule. 


Figure  10  shows  streamlines  for  three  particles  A(0.02. 8),  B(0.05, 8)  and  C(0.1,8).  That 
the  streamlines  do  not  intersect  should  be  clear  from  their  enlarged  view  around  the 
penetrator  nose.  Because  of  the  different  scales  used  along  the  vertical  and  horizontal  axes, 
the  nose  shape  appears  flat  rather  than  circular.  The  r-  and  r-coordinates  of  these  three 
points  at  different  times  are  given  in  Fig.  1 1.  the  time  being  measured  from  the  instant  these 
particles  occupied  the  aforesiated  places.  The  particles  reach  a  position  near  the  nose  tip 
at  f  3:  4.5.  and  are  near  the  nose  periphery  when  t  ^  7.25.  The  time  increment  is  computed 
by  dividing  the  incremental  distance  a  particle  travels  by  its  speed  during  that  interval. 
The  time  history  of  the  r-  and  r-components  of  the  velocity  of  these  three  particles  relative 
to  that  of  the  nose  tip  is  depicted  in  Figrl2.  As  these  particles  approach  jhe  penetrator 
nose,  the  r-  and  c*components  of  theirabsoiute  velocity  increase.  Whereas  the^peak  values 
of  t;  for  these  three  particles  are  nearly  equal,  the  maximum  value  of  the  r-component  of 
the  absolute  velocity  varies  from  0.9  for  partich?>A  to  0.8  for  particle  C. 

The  time  histories  of  the  strain  rate  measure  /  ai^  th^pin  are  given  in  Fig.  13.  Since 
the  target  deformations  are  assumed  to  be  axisymmein(&>tJiere  is  only  one  non-zero 
component  of  spin.  The  small  oscillations  or  bumpiJrMh^urves ^re  due  to^numerical 
errors,  possibly  introduced  because  of  taking  larger  timelntc^rvals  m  computing  the  time 
histories.  The  peak  values  of  the  spin  for  these  three  particles  are  nearly^the  same.  However, 
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Fjg.  12.  The  r-  and  r-components  of  the  velocity  of  points  A.  B  and  C  at  different  times. 


Fig.  13.  Histones  of  the  strain  rate  measure  /  and  the  spin  for  particles  A.  B  and  C. 


essentially  constant,  suggesting  that  it  has  reached  the  saturation  value.  Nearly  all  of  the 
temperature  rise  at  a  material  particle  occurs  during  the  time  it  is  going  around  the 
penetrator  nose.  The  time  histories  of  I.  $  and  reveal  that  even  though  /  and  Q  are 
increasing  for  4  ^  t  <  6  for  particle  A,  the  efTectivc  stress  is  decreasing  during  this  time 
interval,  implying  that  thermal  softening  exceeds  the  hardening  caused  by  the  strain  rate 
and  the  evolution  of  the  internal  variable  g.  Whether  or  not  this  softening  will  lead  to  a 
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Fjg.  14.  Histories  of  the  temperature  rise,  hydrostatic  pressure,  interna)  variable  and  the  effective 

stress  at  points  A.  B  and  C. 


material  instability  in  the  form  of  a  shear  band  is  unclear  because  of  the  complex  state  of 
deformations  prevailing  at  points  adjoining  the  target-penetrator  interface. 


4.  CONCLUSIONS 

We  have  analysed  the  steady  state  axisymmetric  deformations  of  a  viscoplastic  target 
being  penetrated  by  a  rigid  cylindrical  hemispherical  nosed  penetrator.  The  thermomechanical 
response  of  the  target  material  is  modeled  by  three  viscoplastic  flow  rules,  namely,  the 
Litonski-Batra,  the  Bodner-Partom  and  the  Brown-Kim-Anand.  Each  of  these  flow 
rules  is  calibrated  to  give  almost  identical  eflfective  stress  versus  logarithmic  strain  curves 
for  a  block  made  of  target  material  and  deformed  in  plane  strain  compression  at  an  average 
strain  rate  of  3300  5“^  For  the  penetration  problem,  the  BP  model  gives  a  slightly  higher 
value  of  the  hydrostatic  pressure,  and  hence,  normal  stress  on  the  penetrator  nose  surface 
as  compared  to  that  given  by  the  use  of  the  other  two  models.  The  pressure  decays  a  little 
bit  slowly  for  the  BP  model  as  one  moves  away  from  the  penetrator  nose  surface  as 
compared  to  the  other  two  models.  A  comparison  of  the  presently  computed  results  with 
those  obtained  previously  by  Batra  and  Adam  for  the  BP  and  LB  models  reveals  that  the 
models  calibrated  against  a  compression  test  give  almost  identical  results  for  the  penetration 
problem  as  compared  to  those  calibrated  against  simple  shear  test.  The  time  histories 
of  the  field  variables  at  three  target  particles  initially  close  to  the  axis  of  symmetry  suggest 
that  they  experience  softening  behavior,  in  the  sense  that  even  though  the  strain  rate 
increases,  the  efiective  stress  decreases.  The  peak  values  of  the  spin  and  the  second  invariant 
of  the  strain  rate  tensor  are  of  the  same  order  of  magnitude,  but  a  particle  experiences 
these  peak  values  when  it  is  at  difierent  locations  around  the  penetrator  nose. 
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Abstract — Given  the  velocity  field  and  the  values  of  a  field  variable  /  at  a  large  number  of  discrete 
points  in  a  bounded  2-dimensional  domain,  an  algorithm  has  been  developed  to  compute  the 
streamline  that  passes  through  a  desired  point  P  in  the  domain,  and  the  time  histories  of  /  at  the 
material  particle  starting  from  the  instant  it  occupied  the  point  P.  Time  histories  of  the  effective  stress, 
second  invariant  of  the  strain-rate  tensor,  temperature  and  the  spin  for  a  few  material  panicles  in  the 
steady  state  axisymmetric  deformations  of  a  thenmoviscoplastic  rod  striking  a  rigid  hemispherical 
cavity  are  presented.  This  information  should  help  develop  appropriate  constitutive  models  tor  the 
penetrator  material  and  establish  desirable  testing  regimes  for  practical  problems. 

INTRODUCTION 

The  solution  of  any  mechanics  problem  necessarily  involves  choosing  for  the  material  of  the 
body  a  constitutive  relation  that  adequately  models  its  response  over  the  range  of  deformations 
anticipated  to  occur  in  the  problem.  However,  the  computed  values  of  various  held  variables 
depend,  in  a  nontrivial  way.  upon  the  constitutive  assumptions  made  to  solve  the  problem.  One 
possible  resolution  of  this  rather  interesting  problem  is  to  choose  a  constitutive  relation,  solve 
the  problem,  check  if  the  constitutive  assumptions  made  are  valid  over  the  range  of  computed 
deformations,  and.  if  necessary,  redo  the  problem  with  the  modified  constitutive  relation. 

We  note  that  many  of  the  recently  proposed  theories  (e.g.  sec  [1-4])  of  large  deformation 
elastoplasticity  are  based  on  different  kinematic  assumptions  thus  necessitating  the  hypothesiz¬ 
ing  of  constitutive  relations  for  variables  which  may  not  be  simply  related  to  each  other.  In  an 
attempt  to  determine  the  most  appropriate  theory  for  the  analysis  of  penetration  problems  and 
to  delimit  the  range  cf  values  of  the  variables  for  which  the  constitutive  relation  should  be 
valid,  we  find  the  histories  of  the  effective  stress,  second  invariant  of  the  strain-rate  tensor,  the 
temperature  and  the  spin  at  a  few  typical  particles  on  the  penetrator.  Only  steady  state 
axisymmetric  deformations  of  a  viscoplastic  penetrator  striking  a  rigid  hemispherical  cavity  are 
studied.  The  solution  of  this  problem  reported  earlier  by  Batra  and  Lin  [5]  is  presumed  to  be 
given.  It  is  hoped  that  the  time  histories  of  various  field  variables  reported  herein  will  help 
establish  desirable  testing  regimes  for  practical  problems,  and  assess  the  efficacy  of  different 
plasticity  theories  for  the  penetration  problem. 

Computed  results  reveal  that  material  particles  near  the  free  surface  suffer  higher  values  of 
the  peak  plastic  strain-rate  as  compared  to  those  near  the  centroidal  axis  of  the  rod.  Values  of 
plastic  spin  are  of  the  same  order  of  magnitude  as  the  second  invariant  of  the  strain-rate  tensor. 
The  effective  stress  at  material  particles  initially  near  the  undeformed  centroidal  axis  decreases 
because  of  the  rise  in  their  temperature,  even  though  the  plastic-strain  rate  stays  essentially 
uniform.  This  occurs  when  the  panicles  reach  near  the  cavity  bottom.  This  drop  of  effective 
stress  suggests  that  there  is  a  greater  likelihood  of  the  formation  of  an  adiabatic  shear  band 
near  the  stagnation  point,  and  at  points  adjoining  the  cavity  surface. 

STATEMENT  OF  THE  PROBLEM 

Let  /  denote  one  of  the  quantities  such  as  the  second  invariant  of  the  strain-rate  tensor, 
temperature  or  a  component  of  the  stress  tensor.  The  problem  studied  herein  may  be  stated  as 


94 


R.  C.  BATRA  and  PEI-RONG  LIN 


follows:  given  the  values  of  the  velocity  field  (V;{jc*,  y*),  Vy{x“,y**))  and  f(x‘*,y“), 
ar=»  1,  2, . . . ,  A/  at  A/  discrete  points  (jc®,  y*)  in  a  bounded  2-dimensional  domain,  find  the 
history  of  /  at  a  material  particle  that  initially  was  at  any  arbitrary  place  (jco,  yo)-  Needless  to 
say,  the  accuracy  with  which  the  problem  can  be  solved  depends  upon  the  value  of  M  and  the 
spatial  distribution  of  points  where  the  data  is  given.  The  optimum  number  of  points  and  their 
spatial  distribution  required  to  solve  the  problem  within  a  prescribed  tolerance  has  not  been 
determined  yet.  However,  in  the  present  case  the  data  is  given  at  numerous  points  since  a  very 
fine  finite  element  mesh  was  used  to  solve  the  steady  state  penetration  problem  whose  output 
serves  as  the  data  for  the  current  problem. 

The  first  step  in  the  solution  of  the  problem  is  to  find  the  streamline  that  passes  through  the 
point  F(xo,yo)-  If  the  velocity  field  were  given  as  a  continuous  function  of  position,  then  the 
streamline  can  be  found  by  integrating  the  given  ordinary  differential  equations  and  finding 
their  solution  that  passes  through  P.  However,  for  the  present  problem  such  is  not  the  case. 
When  the  data  is  given  at  a  discrete  set  of  points,  Lin  and  Batra  [6]  have  developed  an 
algorithm  to  compute  the  streamline  through  P  and  the  time  history  of  the  field  variable  /  for  a 
material  particle  that  once  occupied  the  place  (xq,  yo).  We  use  the  same  computer  code  to  find 
the  histories  of  the  effective  stress,  second  invariant  of  the  strain-rate  tensor,  spin,  hydrostatic 
pressure  and  the  temperature  for  a  few  material  particles  during  the  steady  state  axisymmetric 
deformations  of  a  penetrator  striking  a  rigid  hemispherical  cavity. 


RESULTS 


Below  we  present  streamlines  and  histories  of  various  field  variables  for  the  steady  state 
axisymmetric  deformations  of  a  thermoviscoplastic  rod  striking  a  hemispherical  rigid  cavity  [5]. 
In  cylindrical  coordinates  and  in  terms  of  non-dimensional  variables,  the  governing  equations 
are: 

div  V  =a  0, 


diva  = 


~Oq 


(v  •  grad)v, 


where 


tr(aD)  +  ^  div(grad  0)  =  (v  •  grad)0, 
tr(aD) 


2/^  =  tr(D‘),  2D  =  grad  v  +  (grad  v)"^, 
a  =  d/ao,  p-ploo,  v»v/vo,  r^rlro,  z^f/r,,, 
e  =  BIBq,  =  k/ipev^ro).  So  =  OoKpe). 


Here  the  dimensional  quantities  are  indicated  by  a  superimposed  bar,  a  is  the  Cauchy  stress 
tensor,  p  is  the  mass  density  of  a  penetrator  material  particle,  k  is  the  thermal  conductivity,  Oq 
is  the  yield  stress  in  a  quasistatic  simple  tension  or  compression  test,  c  is  the  specific  heat,  6  is 
the  temperature  rise,  the  internal  parameter  xy  describes  the  work  hardening  of  the  material,  Vq 
is  the  speed  of  the  penetrator  and  Tq  its  radius.  Values  assigned  to  different  parameters  are 

c  =  473J/kgX,  k=48W/m“C,  p  =  7800kg/m^  0o=18OMPa, 

i;o  =  3^ni/s,  ro  =  2.54mm. 


This  choice  of  values  gives  0o  =  48.9®C.  Results  presented  below  are  in  terms  of  non- 
dimensional  variables  and  the  multiplying  factors  in  order  to  obtain  their  dimensional 
counterparts  are  given  in  Table  1. 

Figure  1  depicts  the  streamlines  emanating  from  the  points  (0.05.  3.0),  (0.10, 3.0),  (0.90. 3.0) 
and  (0.95, 3.0).  We  have  not  plotted  the  streamlines  that  start  from  the  points  (0.0,  3.0)  and 
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Table  1 


Ouamity 

Multiplying  factor 

Speed  (m/s) 

340 

ror  z-coordinaie  (mmi 

2.54 

Hydrostatic  pressure  tMPai 

ISO 

Effective  stress  (MPai 

180 

Strain*rate  invanant  ) 

1.34*  10* 

Spin  (s“) 

1.34*  10* 

Temperature  rise 

AS.9 

(1.0, 3.0).  The  former  coincides  with  the  centroidal  axis  of  the  rod  and  the  latter  with  the  free 
surface.  The  shape  of  the  free  surface  for  different  values  of  the  penetrator  speed  is  shown  in 
Fig.  3  of  the  naper  by  Batra  and  Lin  (5).  Whereas  the  streamlines  passing  through  the  points 
(0.90,3.0)  anu  (0.95,3.0)  stay  essentially  parallel  to  each  other,  the  distance  between  those 
originating  from  (0.05, 3.0)  and  (0.10. 3.6)  decreases  sharply  after  they  reach  the  area  near  the 
stagnation  point  and  turn  around.  In  Fig.  2  we  have  plotted  the  location  of  these  material 
particles  at  different  times  and  their  speed,  the  time  is  reckoned  from  the  instant  these  material 
particles  were  on  the  surface  z  =  3.  The  speed  of  particles  near  the  free  surface  decreases  from 
1.0  to  about  0.45  when  they  are  at  the  bouom«most  point  on  the  free  surface  and  then  stays 
essentially  constant.  However,  the  speed  of  material  particles  initially  near  the  centroid  axis 
undergoes  a  significant  change,  their  speed  decreases  from  1.0  to  about  0.15  when  they  reach 
the  area  near  the  stagnation  point  and  then  increases  gradually  to  about  0.74.  As  expected  the 
speed  of  the  particle  initially  closer  to  the  centroidal  axis  decreases  more  than  that  of  the 
particles  initially  farther  from  the  centroidal  axis. 

Figure  3  shows  the  time  histories  of  the  spin  and  the  second  invariant  /  of  the  strain-rate 
tensor.  Since  we  have  neglected  elastic  deformations  and  studied  the  axisymmetric  problem, 
there  is  only  one  non-zero  component  of  the  plastic  spin  tensor.  These  plots  reveal  that  the 
values  of  the  plastic  spin  and  /  are  higher  for  material  particles  near  the  free  surface  as 
compared  to  those  for  material  particles  near  the  centroidal  axis.  Whereas  the  peak  values  of  / 
for  the  four  material  particles  considered  are  of  the  same  order  of  magnitude  those  of  the 
plastic  spin  are  not.  The  maximum  value  of  the  plastic  spin  for  the  material  particles  near  the 
centroidal  axis  is  an  order  of  magnitude  lower  than  that  of  the  particles  near  the  free  surface  of 
the  rod. 


2.5  r 

E 


Fig.  1.  Sireamlincs  emanating  from  four  points  on  the  incoming  penetrator.  The  originating  point  tor 
the  four  curves  arc; - (0.05. 3.0); . (0.10. 3.0); - (0.90. 3.0); - (0.95. 3.0). 
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Fig.  2.  The  variation  with  time  of  the  speed,  and  r-.  ^-coordinates  of  the  four  material  particles.  The 
initial  location  of  the  material  particle  for  the  four  curves  are: - (0.95,3.0); - 


(0.>0,3.0); . (0.10.3.0); . (0.05.3.0). 


The  time  histories  of  the  temperature  and  the  effective  stress  s,  defined  as 

for  the  four  material  particles  considered  are  plotted  in  Fig.  4.  Note  that  the  peak  value  of  the 
effective  stress  experienced  by  the  four  material  particles  is  essentially  the  same.  However,  the 
time  histories  of  the  temperature  and  I  for  these  particles  are  noticeably  different.  The 
temperature  rise  for  material  particles  near  the  free  surface  is  considerably  less  as  compared  to 
that  for  material  particles  near  the  centroidal  axis.  The  temperature  rise  for  the  latter  particles 
is  nearly  one-third  of  the  presumed  melting  temperature  of  the  material.  At  a  higher  speed, 
these  values  will  be  even  higher.  The  plots  of  the  strain-rate  invariant  /  in  Fig.  3  and  of  the 
temperature  rise  and  5,  in  Fig.  4  reveal  that  the  values  of  Se  for  material  particles  near  the 
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Fig.  3.  Time  histories  of  the  spin  and  the  second  invariant  of  the  strain-rate  tensor  for  the  four 
material  particles.  See  Fig.  2  for  explanations. 


centroidal  axis  decrease  due  to  the  fact  that  softening  of  the  material  caused  by  its  heating  has 
overcome  the  combined  efifects  of  strain-rate  and  work  hardening.  The  effect  of  work¬ 
hardening  represented  herein  by  the  parameter  y;  is  not  that  significant  because  of  the 
relatively  small  value  (0.01)  of  the  exponent  selected  in  the  constitutive  relation.  That  is  why 
we  have  not  included  the  time  history  of  rp  in  our  results.  If  plotted,  the  time  histories  of  y;  for 
these  material  panicles  mimic  those  of  the  temperature  rise  except  for  a  change  of  scale.  The 
results  of  Fig.  4  suggest  that,  in  this  problem,  a  shear  band  is  likely  to  form  near  the  cavity 
surface  for  higher  values  of  the  penetrator  speed. 


CONCLUSIONS 

During  the  steady  state  axisymmetric  thermomechanical  deformations  of  a  viscoplastic  rod 
striking  a  rigid  hemispherical  cavity,  the  plastic  spin  for  material  particles  near  the  free  surface 
is  an  order  of  magnitude  higher  than  that  for  material  particles  near  the  centroidal  axis.  The 
values  of  the  second  invariant  of  the  strain-rate  tensor  at  these  particles  are  not  that  much 
different  and  are  of  the  same  order  of  magnitude  as  the  peak  value  of  the  plastic  spin.  Material 
particles  initially  near  the  centroidal  axis  of  the  rod  are  heated  considerably  more  than  those 
near  the  free  surface  of  the  rod.  The  time  histories  of  the  temperature,  strain-rate  invariant  I 
and  the  effective  stress  seem  to  suggest  that  there  is  a  greater  likelihood  of  the  formation  of  an 
adiabatic  shear  band  near  the  cavity  surface. 
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Fig.  4.  Time  histories  of  the  temperature  and  the  effective  stress  for  the  four  material  panicles.  See 

Fig.  2  for  explanations. 
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AXISYMMETRIC  DEFORMATIONS  OF 
VISCOPLASTIC  TARGETS 
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Abstract — Steady  state  axisymmetric  deformations  of  a  viscoplastic  target  being  penetrated  by  a  rigid 
cylindrical  penetrator  with  a  hemispherical  nose  are  analyzed.  The  presumed  kinematically  admissible 
velocity  field  satisfies  all  of  the  boundary  conditions  O"  the  target/penetrator  interface,  and  also  the 
balance  of  mass.  The  unknown  parameters  appearing  in  the  admissible  velocity  held  are  found  by 
minimizing  the  error  in  satisfying  the  balance  of  linear  momentum.  The  solution  so  obtained  is  found 
to  be  very  close  to  the  finite  element  solution  of  the  problem.  An  advantage  of  the  present  technique 
is  the  enormous  savings  in  the  computational  effort  and  resources  required  to  analyze  the  problem. 


1.  INTRODUCTION 

Jn  recent  years,  emphasis  has  been  placed  on  kinetic  energy  penetrators,  which  for  terminal 
ballistic  purposes  may  be  considered  as  long  metal  rods  traveling  at  high  speeds.  For  impact 
velocities  in  the  range  of  2-10  km/s,  incompressible  hydrodynamic  flow  equations  can  be  used 
to  describe  adequately  the  impact  and  penetration  phenomena,  because  large  stresses  occurring 
in  hypervelocity  impact  permit  one  to  neglect  the  rigidity  and  compressibility  of  the  striking 
bodies.  Models,  which  require  the  use  of  the  Bernoulli  equation  or  its  modification  to  describe 
this  hypervelocity  impact,  have  been  proposed  by  Birkhoff  etal.  [1]  and  Pack  and  Evans  [2].  At 
ordnance  velocities  (0.5-2  km/s),  the  material  strength  becomes  an  important  parameter. 
Allen  and  Rogers  [3]  modified  the  Pack  and  Evans  [2]  flow  mode!  by  representing  the  strength 
as  a  resistive  pressure.  This  idea  was  taken  further  by  Alekseevskii  [4j  and  Tate  [5,6],  who 
considered  separate  resistive  pressures  for  the  penetrator  and  the  target.  These  resistive 
pressures  are  empirically  determined  quantities,  and  the  predicted  results  depend  strongly  upon 
the  assumed  values  of  these  pressures.  As  described  by  Wright  [7]  in  his  survey  article  on  long 
rod  penetrators,  Tate’s  model  is  difficult  to  use  for  quantitative  purposes,  because  the  strength 
parameters  depend  upon  the  velocity  of  impact  and  the  particular  combination  of  materials 
involved.  Wright  and  Frank  [8]  in  their  reexamination  of  Tate’s  theory,  have  derived 
expressions  for  the  resistive  pressures  in  terms  of  mass  densities,  yield  strengths  of  the 
penetrator  and  target  material,  and  penetrator  speed. 

The  paper  by  Backrnan  and  Goldsmith  [9]  is  an  authoritative  review  of  the  open  literature  on 
ballistic  penetration,  containing  278  reference  citations  from  the  1800s  to  1977.  They  describe 
different  physical  mechanisms  involved  in  the  penetration  and  perforation  processes,  and  also 
discuss  a  number  of  engineering  models.  Jonas  and  Zukas  [10]  reviewed  various  analytical 
methods  for  the  study  of  kinetic  energy  projectile -armor  interaction  at  ordnance  velocities  and 
placed  particular  emphasis  on  three-dimensional  numerical  simulation  of  perforation.  Ander¬ 
son  and  Bodner  [11]  have  recently  reviewed  engineering  models  for  penetration  and  some  of 
the  major  advances  in  hydrocode  modeling  of  penetration  problems.  Two  books  [13,  14), 
published  during  the  past  few  years,  include  extensive  discussions  of  the  engineering  models, 
experimental  techniques  and  analytical  modeling  of  ballistic  perforation. 

Awerbuch  [15],  Awerbuch  and  Bodner  [16],  Ravid  and  Bodner  [17],  and  Ravid  et  at.  [18] 
have  developed  models  to  analyze  the  normal  perforation  of  metallic  plates  by  projectiles.  The 
penetration  process  is  presumed  to  occur  in  several  interconnected  stages,  with  plug  formation 
and  ejection  being  the  principal  mechanism  of  plate  perforation.  They  presumed  a  kinemati¬ 
cally  admissible  flow  field  and  found  the  unknown  parameters  by  minimizing  the  plastic 
dissipation.  They  characterized  the  procedure  as  being  a  modification  of  the  upper  bound 
theorem  of  plasticity  to  include  dynamic  effects.  These  authors  have  included  the  dependence 
of  the  yield  stress  upon  the  strain  rate  and  studied  a  purely  mechanical  problem. 
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Jones  et  ai  (19|  have  modified  the  one-dimensional  eroding-rod  penetration  theory  of  Tate 
by  accounting  for  the  mass  transfer  from  the  rigid  end  of  the  rod  into  the  plastic  region,  and  the 
mushroom  strain  at  the  deforming  end  of  the  rod.  Their  results  suggest  that  the  latter  factor  has 
a  substantial  effect  on  calculated  penetrations.  Woodward  [20]  has  proposed  a  one-dimensional 
model  of  penetration  which  regards  both  penetrator  and  target  as  mushrooming  cylinders  and 
the  target  flow'  stress  is  increased  to  account  for  the  lateral  constraint.  A  finite  difference 
formulation  is  used  for  both  target  and  projectile  to  divide  them  into  a  series  of  elements.  The 
projectile  elements  which  enter  the  target  are  subjected  to  lateral  constraint  and  a  shear  stress 
if  their  diameter  is  sufficient  to  touch  the  edges  of  the  holt  .  Forrestal  et  ai  [21]  have  used  the 
cavity  e.xpansion  model  to  predict  the  penetration  depths  for  relatively  rigid  projectiles  striking 
deformable  semi-infinite  targets. 

The  one-dimensional  theories  ignore  the  lateral  motion,  plastic  flow  and  the  detailed 
dynamic  effects.  In  an  attempt  to  understand  better  the  approximations  made  in  simpler 
theories  of  penetration.  Batra  and  Wright  [22]  studied  the  problem  of  a  rigid  cylindrical  rod 
with  a  hemispherical  nose  penetrating  into  a  rigid/perfectly  plastic  target.  Tlie  target 
deformations,  as  seen  by  an  observer  moving  with  the  penetrator  nose  tip,  were  presumed  to 
be  steady.  Subsequently  Batra  and  his  coworkers  [23-28]  studied  the  effect  of  nose  shape, 
strain  hardening,  strain-rate  hardening  and  thermal  softening  characteristics  of  the  target 
material  and  also  analyzed  the  steady  state  axisymmetric  deformations  of  a  rod  striking  a  rigid 
cavity.  Guided  by  the  results  given  in  [22.  23]  we  presume  a  kinematically  admissible  velocity 
field  to  analyze  the  steady  state  axisymmetric  deformations  of  a  viscoplastic  target  being 
penetrated  by  a  rigid  hemispherical  nosed  cylindrical  rod.  The  approximate  solution  obtained 
herein  compares  favorably  with  the  finite  element  solution  and  requires  less  than  one- 
hundredth  of  the  computational  resources  in  terms  of  the  CPU  time  and  the  storage 
requirements. 


2.  FORMULATION  OF  THE  PROBLEM 


We  use  the  Eulerian  description  of  motion  and  a  cylindrical  coordinate  system  with  origin  at 
the  center  of  the  hemispherical  nose  and  moving  with  it  at  a  uniform  speed  Uq  to  describe  the 
deformations  of  the  target.  The  positive  c-axis  is  taken  to  point  into  the  target.  We  work  in 
terms  of  non-dimensional  variables  indicated  below  by  a  superimposed  bar. 

a  =  a/(7„.  p-plon,  a-pnvlloo, 

v  =  v/i'„.  f-rfr^,  z-zItq,  (1) 


where  a  is  the  Cauchy  stress  tensor,  p  the  hydrostatic  pressure  not  determined  by  the 
deformation  history  since  the  deformations  are  assumed  to  be  isochoric,  v  =  (i;,,  uj  is  the 
velocity  of  a  material  particle,  the  pair  {r,  z)  describe  the  current  position  of  a  material  particle. 
To  is  the  radius  of  the  undeformed  cylindrical  ponion  of  the  rod,  po  equals  the  mass  density  of  a 
target  material  and  Or,  is  the  yield  stress  of  the  target  material  in  a  quasistatic  simple 
compression  test.  The  non-dimensional  parameter  a  equals  the  magnitude  of  the  inertia  forces 
relative  to  the  flow  stress  of  the  material. 

Hereafter,  we  drop  the  superimposed  bars.  Equations  governing  the  deformations  of  the 
target  are 


div  v  =  0, 

(2.1) 

div  ar(v  •  grad)v. 

(2.2) 

*=  V3/  “• 

(2.3) 

2D  =  grad  »  +  (grad  v)'^, 

(2.4) 

2/'  =  tr(D=). 

(2.5) 

Equations  (2.1)  and  (2.2)  express,  respectively,  the  balance  of  mass  and  the  balance  of  linear 
momentum.  Equation  (2.3)  is  the  constitutive  relation  for  the  rigid/viscoplastic  target  material. 


147 


Steady  state  axisymmetric  deformations 


1349 


It  may  be  written  as 


/ 1  \  i 

(-tr(s=)]  =(l  +  6/r/V3. 

(3.1) 

S”0  +  pl. 

(3.2) 

The  kinetic  equation  (3.1)  is  of  a  specific  overstress  form — roughly  similar  to  that  proposed  by 
Cowper-Symonds-Bodner  and  generalized  by  Perzyna.  The  parameters  b  and  m  describe  the 
strain-rate  hardening  characteristics  of  the  material.  D,  given  by  equation  (2.4),  is  the 
strain-rate  tensor  and  /  is  its  second  invariant.  Equation  (2.1)  and  the  one  obtained  by 
substituting  (2.3)  into  (2.2)  are  the  nonlinear  partial  differential  equations  to  be  solved  for  v 
and  p  under  the  prescribed  boundary  conditions. 

At  the  target/penetrator  interface,  we  impose  the  boundary  conditions 

t*(on)  =  0,  (4.1) 

yn  =  0,  (4.2) 

where  n  and  t  are,  respectively,  a  unit  normal  and  a  unit  tangent  to  the  surface.  The  boundary 
condition  (4.2)  ensures  that  there  is  no  interpenetration  of  the  target  material  into  the 
penetrator,  and  the  boundary  condition  (4.1)  states  that  the  target/penetrator  interface  is 
smooth.  This  seems  reasonable  because  a  thin  layer  of  material  at  the  interface  either  melts  or 
is  severely  degraded  by  adiabatic  shear.  At  points  far  away  from  the  penetrator, 

lv  +  e|-»0  as  |x( » (r +  z>-oo,  (5.1) 

loii|-^0  as  2— ►-«,  ■  (5.2) 

where  «  is  a  unit  vector  in  the  positive  r-direction.  The  boundary  condition  (5.1)  states  that 
target  particles  far  away  from  the  penetrator  appear  to  be  moving  with  a  uniform  speed  with 
respect  to  it.  Equation  (5.2)  states  that  far  to  the  rear  the  traction  held  vanishes.  Note  that  the 
governing  equations  (2.1)-(2.3)  are  nonlinear  in  v  and  their  solution,  if  there  exists  one,  will 
depend  on  the  rates  at  which  quantities  in  (5)  decay  to  zero.  ; 

3.  AN  APPROXIMATE  SOLUTION; 

Guided  by  the  finite  element  solutions  [22,  23]  of  the  corresponding  problem,  we  divide  the 
deforming  target  region  shown  in  Fig.  1  into  two  subregions:  region  I  and  region  II.  We  assume 
that  in  region  I  the  target  material  extrudes  rearward  as  a  uniform  block.  Thus,  the  velocity  of 


Fig.  1.  The  problem  studied. 
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material  particles  in  this  region  is  along  the  axis  of  the  rod.  We  note  that  a  similar  assumption 
was  made  by  Ravid  and  Bodner  [17]  in  their  analysis  of  the  perforation  of  thick  plates.  In  order 
to  describe  the  velocity  field  in  region  !!»  we  introduce  a  new  coordinate  system  (p,  0)  where 

p-(i-=  +  z=)‘'=,  (6.1) 

a-tan-‘(r/2).  (6.2) 

Thus 

V#  »  cos  0  -  V:  sin  0,  (7. 1) 

i/p  »  Vr  sin  0  +  V,  cos  0.  (7.2) 

Equation  (2.1),  and  the  boundary  conditions  (4.2)  and  (5.1)  take  the  form 


dVp  1  Svg  2V(y  Ug  cos  0 


dp  p  30 


p  sin  0 


Up*0  on  CD  and  Vs  =0  on  DE, 


We  also  need  to  ensure  that  on  CF 


as  p- 


v,  =  v„,  (10.1) 

and 

(aii),=*(oii)„.  (10.2) 

If  the  boundary  EF  is  far  enough  from  the  noise  tip  D.  then  condition  (9.2)  is  a  reasonable 
approximation  to  (5.1).  The  condition  (9.1)  on  DE  follows  from  the  assumption  that  the 
deformations  are  axisymmctric. 

A  velocity  field  that  satisfies  equation  (8),  boundary  conditions  (9.1)  and  (9.2),  and  the 
continuity  condition  (10.1)  and  exhibits  characteristics  similar  to  that  found  by  the  finite 
element  solution  is  given  below.  In  region  II, 


1  - +  •i)sin  e  +  2  Op”  sin*  20, 


(11.1) 


V,  -  [(p  -  l)cos  0  -  ^)cos  e  +  2^  (^  -  ^)cos  0_ 


and  in  region  I 


-  2  -%T  (^-  p'”)sin*-‘  20((2fc  +  l)cos20  +  1).  (11.2) 


In  equation  (11),  the  constants  n  and  C„k  are  yet  to  be  determined.  Tiie  natural  boundary 
conditions  (4.1)  and  (5.1),  and  that  on  the  axis  of  symmetry  DE  can  be  written  as 


<7pe  =  0  on  DC,  (13.1) 

|oiij-»0  asp--»3c,  '  (13.2) 

<7;.,  =*0  on  DE.  (13.3) 

/ 

Recalling  the  constitutive  relation  (2.3),  we  see  that  boundary  conditions  (13.1)  and  (13.3) 
arc  equivalent  to  / 

+  =  0  when  p^^Tor  ^  =  0.  (14)- 

dp  p  30  p  / 

This  is  satisfied  if  we  choose 


when  1  or  ^  =  0. 


m  < -3,  /c^3,  2  ~  1)  ~ 


The  satisfaction  of  the  boundary  condition  (13.2)  requires  that 

|p|— *0.  as  p—*x. 
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In  order  to  determine  the  hydrostatic  pressure  p,  we  use  the  balance  of  linear  momentum 
(2.2).  Substitution  from  (11),  (7)  and  (2.3)  into  (2.2)  gives 

(17.1) 

or 


ip 

dz 


«(^  z). 


(17.2) 


where /and  g  are  known  functions  of  r  and  z.  Their  expressions  are  quite  long  and  are  omitted. 
Since  it  is  hard  to  choose  n  and  such  that  the  integrability  condition 


if 

dz 


(18) 


is  satisfied,  we  find  n  and  C„k  by  ensuring  that  the  functional 


Hn, 


(19) 


takes  on  the  minimum  value.  Knowing  n  and  the  pressure  is  found  by  integrating 
equation  (17)  and  the  constant  of  integration  is  determined  by  setting p=0atp=»l,  0  - 90®. 
This  condition  is  also  taken  from  the  finite  element  solution  of  the  problem.  The  computed 
pressure  field  does  satisfy  (16).  However,  no  attempt  was  made  to  achieve  the  rate  of  decay  of 
p  equal  to  that  obtained  in  a  finite  element  solution  of  the  problem. 


Fig.  2.  Distribution  of  the  normal  traction  on  the  penctrator  nose. - One  term  solution; . 

three  terms  solution; - FEM  solution. 
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Having  determined  a  in  region  II  we  can  use  the  balance  of  linear  momentum,  boundary 
conditions  (10.2)  and  (5.2)  to  compute  the  stress  held  in  the  region  I.  However,  the 
computation  of  this  stress  field  is  not  necessary  in  order  to  compute  various  quantities  of 
practical  interest. 


4.  DISCUSSION  OF  RESULTS 

In  order  to  compare  the  solution  obtained  with  the  present  method  with  that  computed  by 
the  finite  element  method,  we  set  6  *  10^  s,  m  =»  0.03  and  ae  =»  povlfoo  =*  6. 15.  Whenever 
different  values  of  b,  m  and  a  are  used,  these  are  stated  in  the  figure  captions.  Figure  2  depicts 
the  distribution  of  the  normal  traction  on  the  pcnetrator  nose.  The  solution  computed  with  the 
leading  term  in  equation  (11)  differs  very  little  from  that  found  by  also  including  the  next  two 
terms  in  the  series.  These  two  solutions  match  well  with  the  finite  element  solution  for 
Ok  6^25^,  For  0>25®,  the  presently  computed  solution  differs  noticeably  from  the  finite 
element  solution.  Because  of  very  little  difference  between  the  leading  term  solution  and  the 
three  terms  solution,  it  was  felt  that  the  consideration  of  the  additional  terms  in  the  series  will 
not  result  in  any  significant  improvement  in  the  solution.  The  variation  of  the  second  invariant 
I  of  the  strain-rate  tensor  D  along  the  axial  line,  plotted  in  Fig.  3,  reveals  that  the  results 
obtained  with  the  present  method  are  very  close  to  the  finite  element  solution  of  the  problem. 
In  this  case,  the  three  terms  solution  and  the  one  term  solution  overlapped  each  other. 
However,  the  computed  values  of  o,,  on  the  axial  line,  shown  in  Fig.  4,  do  not  agree  that  well 


Z  COORDINATE 

Fig.  3.  Variation  of  the  second  invariant  I  of  the  strain-rate  tensor  on  the  axial  line. - Present 

solution; . finite  element  solution. 
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DISTANCE  ALONG  THE  AXIAL  UNE 
Fig.  4.  Variation  of  a.,  on  the  axial  line. 


with  the  finite  element  solution  except  near  the  nose  tip.  Three  sets  of  curves  show  similar 
trends  in  that  a.,  decreases  gradually  as  we  move  away  from  the  nose  tip.  The  decrease  is  more 
for  the  finite  element  solution  as  compared  to  the  solution  with  the  present  method.  Since  the 
hydrostatic  pressure  is  a  major  contributor  to  the  value  of  a,,,  the  difference  between  the 
present  solution  and  the  finite  element  solution  can  be  attributed  to  the  different  rates  of  decay 
of  p.  We  note  that  many  results  of  practical  importance  computed  with  the  present  method,  as 
outlined  below,  are  close  to  those  obtained  from  the  finite  element  solution. 

On  the  axial  line,  the  Bernoulli  equation,  as  modified  by  Tale  [5,  6]  is 

ip„v=  +  «.=  -a,,(1.0)  (20) 

where  /?,  accounts  for  the  strength  of  the  target  material.  Having  computed  and  knowing 
PouJ,  we  can  find  /?,.  The  value  of  thus  computed  equals  9.43  Oq  with  the  present  method 
and  9.63  Oq  with  the  finite  element  method.  From  Fig.  3,  we  see  that  at  the  nose  tip  I  =  1.75. 
Since  Uo/'b  =  1*48  x  10^  s~‘,  therefore,  at  the  nose  tip 

<Jd  =  Oo(l  +  10^(1.75  X  1.48  X  10^))°"  =  1.916<7o  (21) 

where  Oo  is  the  value  of  the  flow  stress  for  the  target  material  at  a  strain-rate  of  2.59  x  1(F  s“^ 
Thus  /?,  S'  4.92od  for  »he  presently  computed  solution.  The  non-dimensional  axial  resisting 
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force  F  experienced  by  the  pcnetrator  is  given  by 

(n«oii)sin20d0. 

Jo 


(22) 


The  dimensional  values  of  the  resisting  force  equal  .rrlooF.  Figure  5,  which  is  a  plot  of  F  vs  a, 
shows  that  the  dependence  of  F  upon  or  is  rather  weak.  Equations  of  straight  lines  fitted  by  the 
least  squares  method  to  the  computed  data  are 

F  »  8.575  +  0. 197 or,  FEM  solution,  (23. 1) 

F  =  8,717  +  0.243or,  Present  3  terms  solution.  (23.2) 

Thus  the  two  methods  yield  virtually  identical  values  of  F.  The  weak  dependence  of  F  upon  or 
indicates  why  the  choice  of  the  constant  target  resistance  in  the  simple  theory  of  Tate  [5,  6] 
gives  good  qualitative  results. 

The  contours  of  the  hydrostatic  pressure  p  plotted  in  Fig.  6  indicate  that  the  pressure  near 
the  nose  tip  is  very  high  and  it  drops  off  rather  slowly  as  we  move  away  from  the  nose  tip.  It  is 
thus  obvious  that  the  hydrostatic  pressure  near  the  penetrator  nose  makes  a  significant 
contribution  to  the  normal  traction  acting  on  the  nose  tip  and  hence  to  the  axial  resisting  force 
experienced  by  the  penetrator.  In  Fig.  7,  we  have  plotted  the  distribution  of  the  normal 
traction  on  the  penetrator  nose  for  different  values  of  or.  As  expected,  the  normal  traction  at  a 
point  on  the  penetrator  nose  increases  with  a.  In  the  finite  element  solution  [22]  of  the 
problem,  the  normal  traction  at  0  =  45®  was  unaffected  by  the  value  of  oc.  It  seems  that  this  was 


ANGLE 

Fig.  7.  Dependence  of  the  normal  traction  on  the  penetrator  nose  upon  a.  —  ar»5: . <ir»7; 

- ar  -» 10; - or  =■  12, - or  **  15.  m  -  0.05. 
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due  to  the  coarse  mesh  used.  Since  at  0  =■  0®,  the  normal  traction  on  the  penetrator  nose  equals 
(“*<7,.),  and  the  deviatoric  part  of  the  stress  equals  0.667  for  the  rigid/perfectly  plastic  target 
material  and  a  little  bit  more  for  the  viscoplastic  target  material,  the  hydrostatic  pressure  at  the 
nose  tip  increases  significantly  with  the  increase  in  the  value  of  of. 

Figures  8(a)  and  (b)  depict  respectively  the  dependence  of  the  normal  stress  on  the 
penetrator  nose  upon  the  values  of  b  and  m  that  characterize  the  viscoplastic  response  of  the 
target  material.  It  is  obvious  that  the  normal  stress  on  the  penetrator  nose  and  hence  the  axial 
resisting  force  acting  on  the  penetrator  depend  strongly  upon  the  values  of  b  and  m.  As  the 
value  of  either  6  or  m  is  increased,  the  normal  stress  at  a  point  on  the  penetrator  nose,  except 
near  the  periphery  of  the  nose,  increases  sharply.  Recall  that  at  0  =*  90",  p  is  set  equal  to  0 
during  the  solution  of  the  problem.  The  dependence  of  the  axial  resisting  force  upon  m  and  b  is 
depicted  in  Fig.  9.  These  plots  show  that  F  depends  strongly  upon  b  and  m  as  was  also  found  to 
be  the  case  in  the  finite  element  solution  of  the  problem. 

We  note  that  Forrestal  et  ai  [29]  have  given  the  depth  of  penetration  of  hemispherical  nosed 
steel  rods  penetrating  into  aluminum  targets  impacted  at  different  speeds.  From  their  data,  it  is 
hard  to  estimate  the  resisting  force  experienced  by  the  rod  during  the  steady  state  portion  of 
the  penetration  process.  Also  the  assumption  in  our  work  that  the  contact  at  target/penetrator 
interface  is  smooth  should  be  modified  to  account  for  the  frictional  forces  acting  on  the 
interface.  Since  the  assumed  kinematically  admissible  velocity  field  gives  zero  tangential 
tractions  at  the  contact  surface,  the  consideration  of  frictional  forces  there  necessitates  that  we 
modify  the  velocity  field. 


M  OR  LOG(8)/100 

Fig.  9.  Dependence  of  the  axial  resisting  force  experienced  by  the  penetrator  upon  the  values  of  b 

and  m. - b; - m;  ar  *  8.0. 
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5.  CONCLUSIONS 


A  simple  approximate  solution  to  the  problem  of  analyzing  axisymmetric  steady  state 
deformations  of  a  rigid-viscoplastic  target  being  penetrated  by  a  long  rigid  cylindrical  rod  with  a 
hemispherical  nose  is  presented.  A  kinematically  admissible  velocity  field  that  satisfies  the 
balance  of  mass,  all  of  the  essential  boundary  conditions,  and  traction  boundary  conditions  on 
the  axis  of  symmetry  and  the  target/pcnetrator  interface  is  proposed.  The  various  parameters 
in  the  presumed  velocity  field  are  found  by  minimizing  the  error  in  the  satisfaction  of  the 
balance  of  linear  momentum.  The  computed  results  reveal  that  the  leading  term  in  the 
proposed  velocity  field  gives  a  good  solution  that  is  reasonably  close  to  the  finite  element 
solution  (22,  23],  The  axial  resisting  force  experienced  by  the  penetrator  is  found  to  depend 
weakly  upon  the  square  of  the  penetrator  speed  but  strongly  upon  the  strain-rate  hardening 
exponent  for  the  target  material.  The  value  of  the  resisting  force  term  suggested  by  Tate  [5, 6] 
in  the  modified  Bernoulli  equation  is  found  to  be  9.43  Oq  or  4.92aD  where  Oq  is  the  dynamic 
flow  stress  for  the  target  material  at  a  value  of  the  strain-rate  equal  to  that  prevailing  at  the 
stagnation  point. 
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